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APPROXIMATION OF STEPWISE OBJECTIVE
FUNCTION IN OPTIMAL CARGO TRAIN

ROUTING PROBLEM

PETER BEDNÁR

1. INTRODUCTION

The task to be solved in the op ti mal cargo train rout ing prob lem is cre ation of
routes for wag ons trans por ta tion. These routes are then rep re sented by trains in the
train sched ule. So the train rout ing prob lem is not con cerned with build ing of phys i -
cal in fra struc ture, but with plan ning of net work of trains, which would pro vide
trans port of wag ons. The task is to de ter mine be tween which mar shal ling yards
should the trains be dis patched and how should the flows be trans ported with this
trains. The aim of op ti mi za tion of train rout ing prob lem is to find so lu tion that min i -
mizes the trans por ta tion costs on the net work. As all math e mat i cal mod els, the
math e mat i cal model of the prob lem de scribes the real world prob lem only ap prox i -
mately. In the pa per I would like to pres ent one of the in ac cu ra cies of the math e mat i -
cal model and sug gest a way of de creas ing its im pact on the so lu tion.

2. MATHEMATICAL MODEL OF CARGO TRAIN
ROUTING PROBLEM

The op ti mal cargo train rout ing prob lem can be stated as a net work de sign prob -
lem. It is a task of se lect ing a sub set of edges as con nec tions, which would serve for
han dling the trans por ta tion de mands on the net work. 

For cargo train rout ing prob lem we need data about the pos si bil i ties of net work
cre ation, which can be given as a graph G = (V, H), where V is a set of mar shal ling
yards be tween which should the trans por ta tion de mands be sat is fied and H is a set of 
all edges, which can be used as con nec tions and are po ten tial can di dates for se lect -
ing in the con nec tions set. The aim of the train rout ing op ti mi sa tion is to cre ate
a trans por ta tion net work G1  = (V, R), where R ⊂ H  is a set of con nec tions, which
would serve to han dle the trans por ta tion de mands.

The trans por ta tion de mands are de scribed as O-D ma trix P = {prs }, in which for
ev ery pair of mar shal ling yards (r, s) the value of p rs rep re sents the daily amount of
wag ons to be trans ported from the yard r to the yard s. For eval u at ing the qual ity of the 
so lu tion we fur ther need fixed costs f ij rep re sent ing the costs as so ci ated with in clu sion
of the con nec tion (i, j) in the so lu tion in de pend ent on the num ber of wag ons, which
would be trans ported with this con nec tion. Next we need costs c ij rep re sent ing costs of 



trans port ing one wagon with con nec tion (i, j). The planned net work can be then ex -
pressed by ma trix { }( )Y y i j Hij= ∈; , , where yij is bi va lent vari able tak ing value 0 if

the con nec tion (i, j) is not in cluded and value 1 if con nec tion (i, j) is in cluded in the
con nec tion set. Fur ther for ev ery flow p rs we need to model if the flow (r, s) is trans -
ported with the con nec tion (i, j). This we model with the bi va lent vari ables x ij

rs , tak ing

value of 1 if flow (r, s ) is trans ported with con nec tion (i, j).
The task of the net work de sign prob lem is to se lect such set of con nec tions R and

such flow routes, which min i mizes the value of ob jec tive func tion. The math e mat i -
cal model of the cargo train rout ing prob lem can be writ ten as fol lows

( )
( )

( )( )
minimize f y c p xij

i j H
ij ij

rs

i j Hr s K
ij
rs

, ,,∈ ∈∈
∑ ∑∑⋅ + ⋅ ⋅ (1)

with con stra ints

x yij
rs

ij≤        for ( )i j H, ∈ (2)

( ) ( )
x xik

rs

i k H
kj
rs

k j H, ,∈ ∈
∑ ∑− = −1     for k r=                            (3)

( ) ( )
x xik

rs

i k H
kj
rs

k j H, ,∈ ∈
∑ ∑− = 0      for k r k s≠ ≠,                  (4)

( ) ( )
x xik

rs

i k H
kj
rs

k j H, ,∈ ∈
∑ ∑− =1      for k s=                            (5)

{ }yij ∈ 0 1,                                                                (6)

{ }x ij
rs ∈ 0 1,                                                                (7)

Con straints (2) pro vide a re la tion be tween vari able yij and flow vari ables x ij
rs .

Con straints (3) - (5) rep re sent so-called flow pres er va tion con straints. More de tails
about the model can be found in [2]

3. INPUT COSTS FOR CARGO TRAIN ROUTING PROBLEM

Let’s have closer look on the ob jec tive func tion and on the costs, which it is cre -
ated of.

( )
( )

( )( )
f y c p xij

i j H
ij ij

rs

i j Hr s K
i j
r s

, ,,∈ ∈∈
∑ ∑∑⋅ + ⋅ ⋅ (8)

The ob jec tive func tion con sist of two terms, where the first term ex presses the
costs de pend ent only on the in clu sion of con nec tion (i, j) in the so lu tion and sec ond
term ex presses the costs of wag ons trans por ta tion with the given set of con nec tions.
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f
i j – costs of con nec tion in de pen dent of the amo unt of wa gons trans por ted with it.

f W dij ij i j= + (9)

whe re w M ncij j= ⋅ ⋅12  are wa i ting costs and Mj is the norm for ma xi mum al lo wed
tra in length for mar shal ling yard j, nc are costs for an hour of wa i ting and  dij are
the costs for trans por ta tion from yard i to yard j  in de pen dent on the amo unt of
trans por ted wa gons.

ci j – to tal costs for trans por ting one wa gon from yard i  to yard j.

4. STEPWISE OBJECTIVE FUNCTION

One of the in ac cu ra cies of this math e mat i cal model is the cost for trans por ta tion
from yard i to yard j in de pend ent on the amount of trans ported wag ons. The value of
dij rep re sents in re al ity the cost for trans port ing a train be tween yards (i,j) and as
such is not re ally in de pend ent on the amount of wag ons trans ported with con nec tion 
(i,j), but af ter sur pass ing the norm M j of  the yard j  grows by value dij. The costs for

trans por ta tion be tween yards (i,j) are there fore dp
q

M
dij

ij

j

ij=












⋅  where 

q p xij
rs

r s K
ij
rs= ⋅

∈
∑
,

 de notes the amount of  wag ons trans ported with con nec tion (i, j) .

The ob jec tive func tion is as fol lows

( ) ( )
min

, ,
w

q

M
d y ci j

ij

j
ij

i j H
ij ij

i j
+













⋅











⋅ +

∈ ∈
∑

( ) Hr s K

rs
ij
rsp x∑∑

∈
⋅ ⋅

,

(10)

Graph i cal rep re sen ta tion of the fixed costs is shown in the fig ure 1.
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The math e mat i cal model used up to now, writ ten in [2], does not take into ac -
count this step wise in crease of fixed costs (see Fig ure 2). 

Af ter sur pass ing the norm Mj and af ter the need to dis patch an other train the cost
does not in crease. This pres ents a prob lem mainly by mar shal ling yards where the
norm is small. The norm for max i mum train length ac tu ally de pends on tech no log i -
cal equip ment of the mar shal ling yard and ex presses the abil ity of yard to pro cess
trains. In creasing the num ber of trains can lead to sit u a tion when the mar shal ling
would not be able to pro cess all in com ing trains. To pre vent ex ces sive in crease of
train amount trans ported over con nec tions that have small norm it would be ap pro -
pri ate to in clude a way of  in creas ing the costs when the num ber of dis patched trains
in creases.

5. APPROXIMATION OF STEPWISE OBJECTIVE FUNCTION

We would ap prox i mate the step wise in crease of the ob jec tive func tion value af -
ter sur pass ing the norm Mj with lin ear func tion as shown on the fig ure 3.

The fixed costs are given by equa tion (11).

f w d
d

M
qij ij ij

ij

j

ij= + + ⋅ (11)

whe re q p xij
rs

r s K
ij
rs= ⋅

∈
∑
,

. The ob jec ti ve fun ction is then fol lo wing

( )( )
min

,,
w d

d

M
p x yij ij

ij

jr s K

rs
ij
rs

i j H
ij+ + ⋅ ⋅











 ⋅

∈∈
∑∑

( )( )
+ ⋅ ⋅

∈∈
∑∑ c p xij

i j Hr s K

r s
i j
rs

,,
(12)
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Ho we ver this ob jec ti ve fun ction is no lon ger li ne ar, but be ca u se of con stra ints (2)
from mat he ma ti cal mo del we can re ar ran ge the ob jec ti ve fun ction to fol lo wing
form:

( )
( ) ( )( )

min
, ,,

w d y c p x
d

ij ij
i j H

ij ij
i j Hr s K

rs
ij
rs ij+ ⋅ + ⋅ ⋅ +

∈ ∈∈
∑ ∑∑

( ) M
p x

jr s K

rs
ij
r s

, ∈
∑ ⋅ ⋅ (13)

and fur ther to form

( )
( ) ( )( )

min
, ,,

w d y c
d

M
ij ij

i j H
ij ij

ij

ji j Hr s K
+ ⋅ + +











∈ ∈∈

∑ ∑∑ ⋅ ⋅p xrs
ij
rs (14)

It is pos si ble to es ti mate the max i mal er ror we would make by this ap prox i ma -
tion com pared to step wise ob jec tive func tion. The er ror for ev ery con nec tion (i,j)
never ex ceeds the value dij. So the er ror caused by ap prox i ma tion would be less or
equal to 

( )
dij

i j H, ∈
∑ .

With sim ple ad just ment of ap prox i ma tion func tion we can ob tain ap prox i ma tion
with lower max i mal  er ror. This ad just ment is shown in the fig ure 4. 

The ob jec tive func tion is then given by equa tion (15).

( )( )
min –

,,
w d

d

M
p x

d
ij ij

ij

jr s K

r s
i j
rs ij

i j H
+ + ⋅ ⋅











∈∈

∑
2 ( )( )

∑ ∑∑⋅ + ⋅ ⋅
∈∈

y c p xij ij
i j Hr s K

rs
ij
rs

,,
(15)

Af ter re ar rang ing we ob tain the lin ear ob jec tive func tion in form

( ) ( )
min

, ,
w

d
y c

d

M
ij

ij

i j H
ij ij

i j

ji j
+









 ⋅ + +











∈

∑
2 ( ) ∈∈

∑∑ ⋅ ⋅
Hr s K

rs
ij
rsp x

,
(16)

Approximation of stepwise objective function in optimal cargo train routing problem 9

Waiting
costs

M

dij

M M

Only fixed costs

Wagons M M M

Fixed and variable costs

Wagons

Waiting
costs

d ij

dij

Mj

Fi gu re 3



which has er ror less or equ al to 
( )

dij

i j H 2, ∈
∑

6. EXPERIMENTS

To ver ify the as set of pro posed ap prox i ma tions I have per formed fol low ing ex -
per i ments. All ex per i ments were car ried out on the data of rail way net work of Slo -
vak re pub lic. There were 5 vari ants of in put data and for ev ery vari ant of in put data,
three dif fer ent vari ants of the ob jec tive func tion were used.
• ori gi nal va riant of ob jec ti ve fun ction gi ven by eq. (8)
• ap pro xi ma tion va riant 1 with ob jec ti ve fun ction gi ven by  eq. (14)
• ap pro xi ma tion va riant 2 with ob jec ti ve fun ction gi ven by  eq. (16)

Tab le 1

Name of ex -
pe ri ment

va riant of in put data Va riant of ob jec ti ve
fun ction

ex10a
ex10b
ex10c

10 mar shal ling yards, fi xed costs are 8% of to tal costs of
tra in

ori gi nal va riant
va riant 1
va riant 2

ex10e
ex10f
ex10g

10 mar shal ling yards, fi xed costs are 30% of to tal costs of
tra in

ori gi nal va riant
va riant 1
va riant 2

ex42a
ex42b
ex42g

42 mar shal ling yards, fi xed costs are 8% of to tal costs of
tra in

ori gi nal va riant
va riant 1
va riant 2

1 0 Peter Bednár
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Name of ex -
pe ri ment va riant of in put data Va riant of ob jec ti ve

fun ction
ex42c
ex42d
ex42i

42 mar shal ling yards, fi xed costs are 30% of to tal costs of
tra in

ori gi nal va riant
va riant 1
va riant 2

ex42e
ex42f
ex42h

42 mar shal ling yards, fi xed costs are 8% of to tal costs of
tra in, only do mes tic flows were in clu ded

ori gi nal va riant
va riant 1
va riant 2

The so lu tions for ex per i ments with 10 mar shal ling yards are op ti mal so lu tions
ob tained with XPRESS. The so lu tions of ex per i ments with 42 mar shal ling yards are 
suboptimal so lu tions ob tained with heuristical pseudogradient method, which can
be found in [Cenek].The re sults of ex per i ments are in ta ble 2.

Tab le 2

Name Costs Real costs Er ror Num ber of
re la tions

Ave ra ge
num ber of

tra ins

Ave ra ge
num ber of

wa gons
ex10a 34229.406 36506.421 2277.015 53 10.11 358.7978

ex10b 36655.564 36506.421 -149.143 53 10.11 358.7978
ex10c 36500.031 36511.600 11.569 54 9.926 351.209

ex10e 38610.965 47140.118 8529.154 63 8 273.2719
ex10f 47799.796 46963.397 -836.399 64 7.781 268.3024

ex10g 47004.870 46940.091 -64.779 68 7.265 248.8808

ex42a 45316.278 47766.268 2449.990 131 4.219 146.9504
ex42b 48118.314 47885.288 -233.026 128 4.41 153.2465

ex42g 47785.499 47802.987 17.488 134 4.151 143.8056
ex42c 38805.254 48593.814 9788.560 111 5.101 181.1439

ex42d 49139.956 48287.916 -852.040 120 4.639 164.974
ex42i 47692.451 47724.262 31.811 122 4.506 159.548

ex42e 13657.366 14126.278 468.912 101 1.883 50.0886
ex42f 14245.306 14033.106 -212.200 100 1.912 52.2689

ex42h 14024.392 14028.280 3.888 100 1.912 50.6955

From re sults arises, that the er ror of the model com pared to step wise ob jec tive
func tion given by eq.(10) is lower in so lu tions ob tained by pro posed ap prox i ma -
tions, where ap prox i ma tion vari ant 2 is better as vari ant 1.

From the view point of real costs is in some cases orig i nal vari ant better then pro -
posed ap prox i ma tion, but the dif fer ence  is not sig nif i cant. In cases where the fixed
costs are 30% of to tal costs are pro posed ap prox i ma tions better than orig i nal model.
When we com pare the av er age num ber of trains and av er age num ber of trans ported

Approximation of stepwise objective function in optimal cargo train routing problem 11



wag ons we can no tice the ef fect of ap prox i ma tions on more even dis tri bu tion of
flows.

7. CONCLUSION

Performed ex per i ments showed that the value of ob jec tive func tion ob tained by
solv ing the math e mat i cal model with pro posed ap prox i ma tion is closer to real step -
wise ob jec tive func tion. Ex per i ments also ver i fied the in flu ence of ap prox i ma tions
on de creas ing amount of trains dis patched over con nec tions with lower norm.

Al though the re sults ob tained with orig i nal model when the fixed costs are 8% of 
to tal train costs are lower than those ob tained in vari ants with ap prox i ma tions, the
dif fer ence in ob jec tive func tion value is not sig nif i cant. I would rec om mend the use
of the pro posed ap prox i ma tion of step wise ob jec tive func tion.
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OPTIMIZATION OF PRODUCTION PROCESSES

IVAN BREZINA, ZUZANA ČIČKOVÁ, MARIAN REIFF

Pro duc tion lo gis tics sup ply pro duc tion pro cess from source to the sink, with
move ment of intra-firm sources, semi fin ished prod ucts, their ware hous ing and the
op ti mal dis tri bu tion to workplaces and or ga ni za tion of pro duc tion. It is pos si ble to
reach ef fi cient or ga ni za tion of pro duc tion through suit able se quenc ing and sched ul -
ing of pro duc tion op er a tions in chain.  Sched uling the ory aims at solv ing time prob -
lem or space al lo ca tion of dif fer ent op er a tions through one or mul ti ple ser vice
ob jects. Sched uling mod els (in lit er a ture of ten called se quenc ing tasks) are con -
nected with de ter mi na tion of the pro ce dure how to run the dif fer ent op er a tions
through one or mul ti ple ser vice ob jects. These mod els are mainly used to solve pro -
duc tion lo gis tics is sues.

In the anal y sis of ef fec tive use of ser vice ob jects with con nec tion to their op er a -
tions, vi sual tools, such as Gantt di a gram, Gozinto graphs, Sched-U-diagrams, and
flux scheme of pro duc tion are used. In pro duc tion lo gis tics meth ods based on graph
the ory, in te ger pro gram ming, mod els of en ter prise (in put-output), queueing mod els
and dy namic pro gram ming are of ten used ([6], [7]). Ex cept these clas si cal ap  -
proaches a huge num ber of heuristics was well de vel oped, on which we will fo cus.

The core of sim ple sched ul ing mod els is se quenc ing and sched ul ing of op er a -
tions on one work ing ob ject (ma chine). Among more com pli cated mod els (based on 
num ber of ser vice ob jects) be long op er a tions se quenc ing and sched ul ing on more
than two ser vice ob jects. Sched uling mod els of flux-organized sys tems are also
com pli cated mod els. Their core is sched ul ing of fixed se quence op er a tions to each
ob ject (there are elab o rated sim ple heuristics for two, three or more ob jects). In case
se quenc ing and sched ul ing op er a tions ac cord ing to the type or kin ship is re quired,
we are talk ing about se quenc ing mod els of phase sys tems.

In case of mul ti ple ser vice ob jects (we as sume, they are in se rial or der, and so
form a line), when the or der of pro cess ing of each op er a tion is im por tant (equal or -
der of re al iza tion of each op er a tion), we are talk ing about FLOW SHOP sys tems.
When ser vice ob jects are in se rial or der and it is pos si ble to re al ize an ar bi trary or de r 
cross ing of each op er a tion (within com plex tasks that or der is usu ally equal), we are
talk ing about JOB SHOP sys tems. If there is given an ag gre gate of op er a tions with -
out cat e go ri za tion to joint tasks (the op er a tions don’t have a given or der in the task)
and ag gre gate of ser vice ob jects, (each op er a tion is as signed to one ser vice ob ject
and the or der of re al iza tion of op er a tions is ar bi trary) we are talk ing about OPEN
SHOP sys tems ([8]). 



A spe cial kind of de ci sion-making mod els are mod els of as sem bly line bal ance,
which are char ac ter is tic for mass as sem bly line pro duc tion. These mod els are very
ex ten sive in prac ti cal ap pli ca tions.

In each task of sched ul ing n op er a tions to m ser vice ob jects (ma chines), it is pos -
si ble to spec ify these in put data (quan ti ties):
• the set of ope ra tions n and the ir or der {o 1, o2, …,on},
• the set of ser vi ce ob jects m and the ir or der {s1, s2 , …, sm},
• the due date re qu i red to com ple te ope ra tion dj;
• the pro ces sing time of j-th ope ra tion on i-th ser vi ce ob ject tij.

For eval u a tion of sched ul ing or se quenc ing are used rel a tively sim ple op ti mi za -
tion cri te ria. One group of cri te ria con sists of the max i mum of com ple tion time of
each op er a tion and the other con sists of the sum of com ple tion time of these op er a -
tions. The goal of these both groups of cri te ria is the ef fort to min i mize the cost con -
nected to the time of re al iza tion of op er a tions, so with the time in ter val spent in the
pro duc tion sys tem, re spec tively the ef fort to min i mize the fall be hind sched ule
(late ness) com pared to the re quired due date of fin ish ing op er a tion, and the pen alty
fol low ing from it, or ef fort to min i mize the num ber of late tasks.

Ac cord ing to the num ber of ser vice ob jects it is pos si ble to di vide al go rithms to
sys tem with one or mul ti ple ser vice ob jects. We are talk ing about a sin gle ser vice
ob ject sys tem, if we have one avail able ser vice ob ject (ma chine) to serve n op er a -
tions. To solve them we of ten use one of the sim ple heuristics for sin gle ser vice ob -
ject:
• Moore’s al go rithm,
• Smith’s al go rithm,
• Lawler’s al go rithm.

Moore’s al go rithm  (Moore 1968) co mes out from the re quire ment, that no op er -
a tion is ex e cuted late. In case it is not pos si ble to ac com plish this re quire ment, the
next cri te rion can be the minimization of the to tal num ber of late op er a tions.
Moore’s al go rithm al lows to reach this goal, and so to gain such or der of op er a tions
on the ser vice ob ject, in or der to min i mize the num ber of late op er a tions (late ness).

Smith’s al go rithm is based on a dif fer ent ap proach. The goal is to make such an
op er a tions sched ule, that no op er a tion is over due ac cord ing to de sired term (due
date) of com plet ing op er a tion dj. 

The re al iza tion of Lawler’s al go rithm (Lawler 1973) se cures to min i mize the to -
tal sum of weighed late ness (over due). In sched ul ing of pro duc tion pro cess op er a -
tions, there are two con di tions di rectly in flu enc ing se quenc ing of op er a tions of
pro duc tion pro cess:
• pre ce den ce con stra ins, which res trict ope ra tions, the rea li za tion of which is con -

stra int to fol low the pro ces sing (tech no lo gi cal or tech ni cal con nec tion),
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• we ig hting fac tors wj, which re pre sent the im por tan ce of each ope ra tion (job) -
the pre fe ren ce of each ope ra tion is gi ven as fol lows: the lo wer the we ight, the
hig her the pre fe ren ce of re le vant ope ra tion.
For the so lu tion of FLOW SHOP sys tems (sched ul ing sys tem of op er a tions on

se rial or dered ser vice ob jects with equal or der of op er a tions) ex cept other ap  -
proaches (like Branch and bound method used to solve in te ger pro gram ming tasks)
dif fer ent heuristics are used and the best-known are:
• Johnson’s al go rithms,
• Palmer’s he u ris tic,
• Grupt’s he u ris tic,
• Campbell’s, Dudek’s and Smith’s he u ris tic.

The best-known John son’s al go rithm (John son 1954) is des ig nated for two fol -
low ing ser vice ob jects M1 and M2 . The tar get is to min i mize the max i mum val ues of 
pro cess ing time of op er a tions, or min i mize the max i mum over all time to com plete
all the op er a tions, which is known as the makespan of the sched ule. In case we have
got three ser vice ob jects (ma chines) M1, M2, M3, and each op er a tion must be pro -
cessed first on M1, then on M2, and fi nally on M3, we can use John son’s al go rithm
for three-object FLOW SHOP.

The so lu tion of the given prob lems seems to be easy. But we should re al ize, that
with the grow ing num ber of ser vice ob jects also the num ber of so lu tion vari ants of
each task grows. These tasks be long to com bi na torial op ti mi za tion tasks. Re al iza -
tion of n op er a tions gives us n!  pos si ble com bi na tions of sched ul ing op er a tions on
sin gle ser vice ob ject. If we con sider m ser vice ob jects, the num ber of pos si ble com -
bi na tions is (n!)m. To find an ef fec tive sched ule of re al iza tion of op er a tions means to 
op ti mize the ef fec tive ness (pur pose) func tion, in our case to min i mize the over due
(down time) of each ser vice ob ject. For solv ing such tasks the com plete enu mer a tion 
method or other heuristics are used.

With Palmer’s heu ris tic it is pos si ble to con struct a per mu ta tion sched ule, in
which the or der is equal for each n op er a tions on all m  ser vice ob jects (the num ber of 
ser vice ob jects is not lim ited with three ob jects like in the pre vi ous al go rithm). The
goal is again to op ti mize the over due (down time) of each ser vice ob ject, thus min i -
mize the max i mum val ues of pro cess ing time of op er a tions, or min i mize the max i -
mum over all time to com plete all the op er a tions, con se quently we have got se lected
so lu tion from (n)m-1 pos si bil i ties.

With Grupt’s heu ris tic it is pos si ble to make such a per mu ta tion sched ule, the
tar get of which is also to min i mize the over due (down time) of each m ser vice ob ject, 
thus min i mize the max i mum val ues of pro cess ing time of n  op er a tions, or min i mize
the max i mum over all time to com plete all the op er a tions.

Camp bell’s, Dudek’s and Smith’s heu ris tic (Camp bell 1970) has got m-1 stages,
and in each stage from the orig i nal mul ti ple-object prob lem a two-object prob lem
re sults. For the two-object prob lem we can com pute suboptimal per mu ta tion of
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tasks, with John son’s al go rithm for two fol low ing ser vice ob jects. Af ter m-1 stages
we get m-1 per mu ta tion sched ules and con sec u tively se lect one with the min i mum
over due (down time). 

For solv ing the JOB SHOP sys tems (sys tems of sched ul ing op er a tions on se rial
or dered ob jects with equal or der of op er a tions in one given task and re al iza tion of
each task is in a ran dom or der) for ex am ple graph method, in te ger pro gram ming and 
heuristics are used. The best-known heuristics are:
• Johnson’s al go rithm for two non-following ser vi ce ob jects,
• al go rithm ge ne ra ting ac ti ve sche du les (Gif fler and Thom pson),
• al go rithm for ge ne ra ting non de lay sche du les,
• Bot tle neck he u ris tic.

In case, that m ser vice ob jects are in par al lel or der and n op er a tions should be re -
al ized on them and each op er a tion can be re al ized on any ran dom ser vice ob ject at
pro cess ing time t ij, we can talk about par al lel iden ti cal ser vice ob jects (fa cil i ties).

Rel a tively well-known al go rithms used for sched ul ing op er a tions on par al lel or -
dered ser vice ob jects are among oth ers:
• McNaughton’s al go rithm,
• Hu’s al go rithm,
• Muntz-Coffman al go rithm (Muntz 1969).

McNaughton’s al go rithm (Mc Naughton 1961) co mes from the as sump tion, that
we have m par al lel or dered ser vice ob jects and must re al ize n op er a tions on them.
These op er a tions can be in ter rupted and one op er a tion can’t be pro cessed on two
ser vice ob jects at the same time.

Hu’s al go rithm (Hu 1961) is des ig nated to make up work ing sched ule for par al -
lel ob jects. In this case pro cess ing time of op er a tion oj is not con sid ered (each op er a -
tion has a sim ple pro cess ing time tj=1) and pre ce dent re al iza tion on the set of
op er a tions has a shape of a pro duc tion tree. This means each node has not more than
one fol lower. The re la tions be tween the nodes are given by tech ni cal and tech no log -
i cal con nec tions. The task is to match n op er a tions to m ser vice ob jects.

In big ger pro duc tion plants we of ten see that in the pro duc tion pro cess the prod -
uct goes through sev eral work ing places and the pro duc tion pro cess is re al ized in
reg u lar in ter vals. It is typ i cal for as sem bly line pro duc tion and as sem bly line in var i -
ous in dus trial sec tors, mostly in me chan i cal en gi neer ing and high-tech in dus tries. 

In as sem bly line pro duc tion, it is not pos si ble to in ter rupt tech no log i cal con nec -
tion of jobs and it is eco nom i cal to pay at ten tion to task each work place equally. In
lit er a ture this prob lem is known as as sem bly line bal anc ing. The core of the prob lem 
is to as sign sin gle op er a tions to workplaces with no con straints in tech ni cal and
tech no log i cal or as sem bly con nec tion to re al ized job op er a tions and
well-proportioned dis tri bu tion of work to each work place. If the as sem bly line is not 
bal anced, down time will oc cur at workplaces.
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Typ i cal prob lems are:
• mi ni mi zing the num ber of wor kpla ces in gi ven time, du ring which the pro duct

sta ys on each wor kpla ce (pro duc tion tact)
• mi ni mi zing the time, du ring which pro duct sta ys on each wor kpla ce, at a gi ven

num ber of wor kpla ces,
• mi ni mi zing the unu ti li zed time of who le as sem bly line, if it is po ssib le to cho o se

the time, du ring which the pro duct sta ys on each wor kpla ce at gi ven num ber of
wor kpla ces,
Gen erally it’s pos si ble to di vide the meth ods for solv ing the given prob lems into:

• ana ly ti cal (exact) met hods, which give op ti mal so lu tion, but for most dif fi cult
com pu ta tion they are not su i tab le for sol ving prac ti cal, usu al ly very com plex and 
ex ten si ve is su es.

• he u ris tics, are ba sed on em pi ri cal ob ser va tion, which may not lead to op ti mal so -
lu tion, but gu a ran tee a re la ti ve ly sim ple and eco no mi cal way to find an ef fec ti ve
so lu tion.
Best-known an a lyt i cal ap proaches are:

• ap pro a ches of in te ger prog ra mming (Bow man, Whi te),
• met hods of dy na mic prog ra mming (Held, Karp, Sha res hian, Jac kson)
• com bi na to rial met hods – met hods ba sed on pre ce dent mat rix or Branch and bo -

und met hod (El ham bry),
• met hods of ne twork mo de ling - ba sed on fin ding the shor test way (Gut jahr, Ne -

mha u ser, Man so or),
• si mu la tion met hods

One of the best known and most ap plied heu ris tic is the weight tech nique
(Mansoor). This method co mes out from con struc tion of ori en tated net work (prog -
ress di a gram), which de scribes tech no log i cal, tech ni cal or as sem bly con nec tion of
sin gle op er a tions.

The core of the ap proach of this method is in as sign ing the par tic u lar quan tity
(weight wj ) to each sin gle op er a tion. Com puted weights w j eval u ate the mean ing of
each op er a tion and ac cord ing to them op er a tions are cat e go rized to workplaces. 
The weights w j are com puted as a sum of pro cess ing time of the given op er a tion and
of the weights of all fol low ing op er a tions, which di rectly de pend on that op er a tion.
This method gives to those op er a tions pref er en tial treat ment on which the fol low ing 
op er a tions de pend.
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THE POSSIBILITIES OF FURTHER
DEVELOPMENT OF ALGORITHMS FOR

SOLVING THE UNCAPACITATED FACILITY
LOCATION PROBLEM

¼UBOŠ BUZNA

1. INTRODUCTION

The uncapacitated fa cil ity lo ca tion prob lem is a broadly ex ploited in the area of
op ti mi za tion of pri vate and pub lic ser vices, where is pos si ble to model whole set of
lo ca tion prob lems us ing this prob lem as a solv ing pat tern (Janácek, 2004). It ap pears 
in lit er a ture as a uncapacitated fa cil ity lo ca tion prob lem, or also sim ple plant lo ca -
tion prob lem.

The goal is to chose, so called, fa cil i ties, what could be stores, su per mar kets, of -
fices, hos pi tals, etc., from fi nite set I  (can di dates for plac ing a fa cil ity) and to as sign
to them cus tom ers de fined with set J, what could be dwell ers of au ton omy ar eas,
buy ers, or smaller shops, etc. There is a re quire ment to as sign ev ery cus tomer, just
to one fa cil ity. The cor re spond ing prob lem can be writ ten in the form:

Minimize f y c zI
i I

I ij
j Ji I

ij
∈ ∈∈
∑ ∑∑⋅ + ⋅ (1)

Sub ject to

z j Jij
i I∈
∑ = ∈1 for (2)

                 z y i I j Ji j i≤ ∈ ∈for and (3)

       { }y x i I j Ji ij, , for and∈ ∈ ∈0 1 (4)

whe re yi are bi na ry va riab les ob ta i ning a va lue 1, if the fa ci li ty is lo ca ted in a can di -
da te pla ce i and the va lue 0 ot her wi se. The va riab les zij are also bi na ry va riab les with 
va lue 1 in a case of as sig ning the cus to mer j to the fa ci li ty i and 0 ot her wi se. 

To solve this prob lem was pro posed big amount of al go rithms. Ac cord ing the
pres ent lit er a ture (Crainic, 2002), a pro ce dure DualLoc (Erlenkotter, 1978) is still
ap pear ing one of the most ef fec tive. At the ground work of this pro ce dure were cre -
ated al go rithms BBDual (Janácek,1998) and PDLoc (Körkel, 1989), which em ploy
a branch and bound method for seek ing out the op ti mal so lu tion. The pa per is or ga -
nized as fol lows. We are briefly in tro duc ing the prin ci ple of DualLoc pro ce dure and



de scrib ing the dif fer ences be tween PDLoc  and BBDual in sec tions 2, 3 and 4. Sec -
tion 5 com pares the ef fi ciency of BBDual and PDLoc , to solve the same sized “stan -
dard” lo ca tion prob lems and the max i mum dis tance prob lem. To con clude the pa per 
the sec tion 6 sums up the pos si bil i ties for fur ther de vel op ment of al go rithms
BBDual and PDLoc.

2. PROCEDURE DUALLOC

Pro ce dure DualLoc al lows to find a so lu tion of prob lem (1 ) – (4) with ef fi ciently
way. The pro cess of solv ing is based on find ing the fea si ble so lu tion, as good as pos -
si ble (the value of ob jec tive func tion is as high as pos si ble) of the prob lem ( 5) - (6),
what is dual prob lem to the LP re lax ation of prob lem (1) - ( 4).

Ma xi mi ze zD j
j J

=
∈
∑ν (5)

Sub ject to

( )s f c j Ji i
i I

j ij= ≥ ∈
∈
∑– max , – for0 0ν (6)

To find this so lu tion was pro posed a method, called dual as cent. It is in creas ing
in a cy cle the val ues of vari ables zD, un til all vari ables are blocked by the con straints
(6). The value of ob jec tive func tion (5) is the lower bound for op ti mal so lu tion of
orig i nal prob lem (1) - (4). Fea si ble pri mal in te ger so lu tion is then de rived from dual
so lu tion, with the in ten tion, to sat isfy the com ple men tary con di tions (7) - (9), as
close as pos si ble. The value of ob jec tive func tion zP , of this pri mal so lu tion, is the
up per bound of the ac tual branch.

( )[ ]c c x j J i Iij j j i j ij– max , – for ,ν ν+ ⋅ = ∈ ∈0 0 (7)

s y i Ii i = ∈0 for (8)

( ) ( )y x c j J i Ii ij j ij– max , – for ,0 0ν = ∈ ∈ (9)

If there is a gap be tween lower and up per bound, the ob tained dual so lu tion is
fur ther mod i fied with a pro ce dure called dual ad just ment, which al lows more, to in -
crease the value of ob jec tive func tion. The dual ad just ment pro ce dure is per form ing
the dual al ter na tions (is try ing in cy cle to iden tify a vari able zD,  which de creas ing
about a pos i tive value, al lows to in crease more then one oth ers vari ables about the
same value) and is sub se quently up dat ing the pri mal so lu tion.

The op ti mal so lu tion we can find us ing a branch and bound scheme. The branch -
ing pro cess run over the vari ables yi. As a lower bound is used the value of ob jec tive
func tion of rel e vant dual subproblem. The up per bound is the value of ob jec tive
func tion of pri mal prob lem gen er ated from dual subproblem.
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3. ALGORITHM PDLOC

The al go rithm PDLoc (Körkel, 1989) was de rived from the pro ce dure DualLoc.
The op ti mal so lu tion is traced with the branch and bound ap proach, us ing a best
bound strat egy. The dis ad van tage of this strat egy is the in aus pi cious com puter
mem ory con sump tion caused by the ne ces sity, to store all bright dual so lu tion, for
the oc ca sion of their fu ture us ing. Al go rithm em ploys more ef fec tively work ing
pro ce dure dual as cent and also more so phis ti cated pro ce dure dual ad just ment,
where is the num ber of it er a tion de ter mined ac cord ing the size of prob lem (num ber
of fa cil i ties and cus tom ers). The de merit place of pro ce dure dual as cent, is a case,
when is a big dif fer ence be tween co ef fi cients fi and cij (f i >> c ij). Then is the dual as -
cent very time con sum ing, be cause it takes a long time un til it is filled up the “ca pac -
ity”, for vari ables zD es ca la tion, re stricted by the con straints (6). This dif fi culty of
al go rithm PDLoc , elim i nates the in cor po rat ing of multi dual as cent pro ce dure. This
pro ce dure at first sets the vari ables zD  at the high est value as clas si cal dual as cent, it
can also break the con straint ( 6), af ter that the vari ables zD are mod i fied to ful fil con -
strains (6) and then is used the clas si cal dual as cent pro ce dure.

The al go rithm PdLoc has also im proved pro ce dure for find ing pri mary so lu tion.
It im ple ments a changes in a or der of open ing fa cil i ties al ways, when pro ce dure is
called. The best bound strat egy opens up the pos si bil ity for fix at ing of vari ables yi,
to val ues 1 or 0 dur ing solv ing pro cess, what re duces the size of prob lem. To ver ify,
if we can fix some vari able to val ues 1 or 0,  or not, is con sid er ably time con sum ing.
In or der to save a com pu ta tion time, we fix vari ables only, when it is pos si ble to fix a 
greatly vol ume of vari ables yi con cur rently.

The al go rithm is stor ing in mem ory, only dual so lu tions, by rea son of, we must
af ter tak ing out the so lu tion from mem ory, to re cal cu late the pri mary so lu tion. We
need it to do, to find a vari able for branch ing. To quickly re cal cu late the pri mary so -
lu tion, was pro posed a spe cial heuristics ap proach. This heuristics do not give such
good so lu tion as pre vi ous one, but this so lu tion is more proper for choos ing the
branch ing vari able. As the branch ing vari able is used a vari able, which breaks the
com ple men tary con straints ( 6) most con sid er ably.

To keep a length of pa per in rea son able lim its, we have only sketched the main
at trib utes of al go rithm PDLoc , to have a more de tailed de scrip tion of this al go rithm, 
we can sug gest to the reader the pa per (Körkel, 1989).

4. ALGORITHM BBDUAL

The foun da tion of for mu la tion al go rithm BBDual  (Janácek, 1998), was also pro -
ce dure DualLoc. To trace op ti mal so lu tion, the branch and bound method with
depth first strat egy is em ployed. This strat egy is more mem ory sav ings and it re -
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quires less data move ment op er a tions. The dis ad van tage is, that it is not so sim ple to
re duce size of prob lem dur ing the solv ing pro cess. 

In the (Buzna, 2003) are de scribed in de tail both al go rithms and there is pres ent a 
com pre hen sive anal y sis of ef fi ciency of most im por tant pro ce dures sep a rately and
also both al go rithms in com plex. For ma jor ity of bench mark the al go rithms
achieved rel a tively equiv a lent time con sump tion. The al go rithm BBDual  was
slightly more ef fi cient, but at a spe cial group of benchmarks, where fi >>c ij, was al -
go rithm PDLoc  sig nif i cantly more ef fi cient, as you can see in ta ble tab. 1.

Tab. 1

Size of prob lem
( |I | ×  |J| )

PDLoc BBDu al

tS 1 [s] tS2 [s] tS1 [s] tS2 [s]
100 × 2906 0.545 1.414 35.348 0.266

400 × 2906 0.879 3.048 879.516 1.856

700 × 2906 1.295 11.681 1936.640 11.309

1000 × 2906 1.756 15.285 3952.100 20.429

Ove rall ave ra ge ti mes in se conds, at 10 ben chmarks prob lems, for al go rithms PDLoc
and BBDu al, 
t S1 – the ti mes for gro up of ben chmarks whe re fi >>cij (only one fa ci li ty is pla ced in op -

ti mal so lu tion),
t

S2
– the ti mes for ben chmarks, which have | I | / 2 pla ced fa ci li ties in op ti mal so lu tion.

Af ter de tailed anal y sis of com pu ta tion char ac ter is tics both al go rithms and re cip -
ro cal ex change of pos i tive im prove ments be tween both al go rithms, we sug gested in
(Buzna, 2003) our own mod i fi ca tions, what brought a sav ings in com pu ta tion time
as you can see in ta ble tab. 2. 

Tab. 2

Size of prob lem
( |I | ×  |J| )

PDLocf BBDu alh

tS 1 [s] tS2 [s] tS1 [s] tS2 [s]
100 × 2906 0.583 0.834 0.121 0.194

400 × 2906 2.384 1.616 1.514 1.109

700 × 2906 7.152 7.810 5.556 5.585

1000 × 2906 14.036 6.650 11.466 7.764

Ove rall ave ra ge ti mes in se conds at 10 ben chmarks prob lems for im pro ved ver sion of al go -
rithms PDLocf and BBDu alh,
t S1 – the ti mes for gro up of ben chmarks whe re fi >>cij (only one fa ci li ty is pla ced in op -

ti mal so lu tion), 
t S2

–  the ti mes for ben chmarks, which have | I | / 2 pla ced fa ci li ties in op ti mal so lu tion.
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The most mark edly have con trib uted to the de creas ing of com pu ta tion time, the
take over of multi dual as cent to the BBDual  and new way of or der ing cus tom ers in
dual ac cent pro ce dure.

5. THE MAXIMUM DISTANCE PROBLEM

As we men tioned in sec tion 1, the uncapacitated fa cil ity lo ca tion prob lem is ap -
pro pri ate to solve the whole set of lo ca tion prob lems. One of this prob lems is the
max i mum dis tance prob lem. In this prob lem is the cus tom ers de mand con sid ered as
a sat is fied, when the near est fa cil ity is placed nearer then dis tance D. The model of
max i mum dis tance prob lem, can be writ ten in fol low ing way:

Mi ni mi ze   yi
i I∈
∑ (1)

Sub ject to

y j Ji
i N j∈
∑ ≥ ∈1 for . (2)

whe re yi are the bi na ry va riab les, set at va lue 1, if the re is a pla ced fa ci li ty in can di -
da te pla ce i and at va lue 0 ot her wi se, Nj ={i∈I: dij ≤D}. In our ex pe ri ments we used
the ben chmarks from tes ting al go rithms BBDu al and PDLoc, which were de ri ved
from Slo vak road ne twork (Buz na, 2003) and we set D = 80 km. To sol ve the ma xi -
mum dis tan ce prob lem with al go rithms BBDu al and PDLoc  we trans for med the un -
ca pa ci ta ted fa ci li ty lo ca tion prob lem by set ting fi = 2 for i ∈  I, and c ij = 1 for j ∈ J and 
i ∈ Nj,and  cij  = 4 ot her wi se.

Tab. 3.

Size of prob lem
PDLocf
 [min] BBDu alh [min]

100 × 2906 7,99 0,23

200 × 2906 533,131 > 24 ho urs2

300 × 2906 > 24 ho urs > 24 ho urs

Ove rall ave ra ge ti mes, at 10 ben chmarks prob lems in mi nu tes, for im pro ved ver sion of al go -
rithms PDLocf and BBDu alh sol ving the ma xi mum dis tan ce prob lem.

As it is shown in ta ble tab. 3, both ex am ined al go rithms achieved sig nif i cantly
worse com pu ta tional times at the bench mark prob lems of the same size, as in ta ble
tab. 2, where were co ef fi cients cij set pro por tional to the dis tances be tween ob ject in
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road net work. This set tings is more fa vour able for al go rithms, be cause dif fer ence
be tween co ef fi cients ci j and their dis tri bu tion, pre de ter mined with spa tial spread ing
of cus tom ers, en ables quick est elim i na tion of gap be tween lower and up per bound.
The sim i lar de te ri o ra tion of com pu ta tion prop er ties of ex act al go rithms for solv ing
uncapacitated fa cil ity lo ca tion prob lem was  ob served in prob lems with ran domly
gen er ated co ef fi cient c ij and fi. To limit this ad verse phe nom e non, we tried to use
this set tings of co ef fi cients, fi = 2 for i ∈ I, and cij = 1 for j ∈ J  and i ∈  Nj, and
c ij = 4 +cij oth er wise. The co ef fi cients c ij were taken over from orig i nal lo ca tion
prob lems. This at tempt did not bring the re mark able achieve ment.

6. THE POSSIBILITIES OF FURTHER DEVELOPMENT
OF ALGORITHMS BBDUAL AND PDLOC 

As was sig ni fied in pre vi ous parts of ar ti cle, there is still the mo ti va tions to ded i -
cate a ef fort, to im prove the com pu ta tional prop er ties of both ex acts al go rithm
BBDual and PDLoc. The rea sons are in size of uncapacitated fa cil ity lo ca tion prob -
lems com ing from praxis and also in ad verse be hav iour of al go rithms in spe cial
cases, like the max i mum dis tance prob lem.

The im por tant at trib ute of both al go rithms is a find ing the trade offs be tween,
how much time to spend to im prove a dual so lu tion in pro ce dure dual as cent and
dual ad just ment and how many branches to search ing, de pend ing at the size of the
prob lem. Here is a huge area to ex per i ment with al go rithms set tings dur ing dual ad -
just ment, where would be pos si ble to in ten sify more thor ough the num ber of per -
formed op er a tions de pend ing on size of prob lem. There would be also pos si ble, to
es ti mate the dif fi culty in ac cor dance with dis tri bu tion of co ef fi cients in ob jec tive
func tion and to set the at trib utes of al go rithms.

In front of the pro cess of branch ing in al go rithm BBDual, is pos si ble the fix a tion
of vari ables yi  to in cor po rate , to re duce the size of prob lem. There is con ceiv able try 
to de fine more ef fec tive cri te ria for se lec tion of vari able for branch ing as well. The
sep a rate sec tion of fu ture re search, could be a men tioned ad verse be hav iour of al go -
rithms BBDual and PDLoc, at the prob lems with un nat u ral set tings of co ef fi cients in 
ob jec tive func tion.

7. CONCLUSIONS

We have briefly in tro duce the prin ci ples of proce dure DualLoc and have con -
cisely de scribed the de rived ex act al go rithms BBDual and PDLoc. We have shown
their com pu ta tional prop er ties at prac ti cal uncapacitated lo ca tion prob lems and
have com pared them with the max i mum dis tance prob lem. The max i mum dis tance
prob lem and prob lems, with un nat u ral set tings of co ef fi cients in ob jec tive func tion,
have had very ad verse com pu ta tional time con sump tion. This phe nom e non and also 
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ef fort to in crease a com pu ta tional ef fi ciency of ex acts al go rithms for solv ing
uncapacitated fa cil ity lo ca tion prob lem, is le git i mate for praxis and could be topic of 
a fur ther re search.
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MODEL FOR ANALYSIS AND PROGNOSIS OF
DAILY REVENUES OF THE STATE TREASURY

OF THE SLO VAK RE PUB LIC

MICHAL FENDEK

Ab stract In the pa per is des cri bed the mo del sur ro un dings for ana ly sis and prog no -
sis of da i ly re ve nu es of the Sta te Tre a su ry of the Slo vak Re pub lic. This mo -
del sur ro un dings is ai med at sup port of ef fi cient ope ra tion of the Sta te
Tre a su ry Sys tem thro ugh qu a li fied in for ma tion abo ut day-to-day
short-term fo re cast of the tax re ve nu es de ve lop ment in the view of the
sing le qu ar ters and res pec ti ve months of the cur rent year.

Ke y words: tax re ve nu es, per so nal in co me ta xes, cor po ra te in co me ta xes, wit hol ding 
in co me ta xes, va lue ad ded tax, ex ci se ta xes, sta te tre a su ry

1. INTRODUCTION

In pa per we de pict the meth od olog i cal ap proach ap plied with the anal y sis and
prog no sis of the State Trea sury day-to-day in comes stem ming from per sonal in -
come taxes, cor po rate in come taxes, witholding in come taxes, value added tax and
ex cise taxes. The pa per  pres ents re sults for the anal y sis and fore cast ing of the State
Trea sury in comes con sist ing of
• Per so nal in co me ta xes, cor po ra te in co me ta xes and wit hol ding in co me ta xes
• Va lue ad ded tax  
• Ex ci se ta xes

The aim is to de sign a prog no sis of daily changes on the ac counts of the above
men tioned tax items while tak ing into con sid er ation a his tor i cal pro file of their de -
vel op ment, num ber of non-business days (hol i days) in the fore casted month with
a pos si bil ity for ex og e nous vari ant def i ni tions of monthly prog no sis of the bal ances
on the men tioned ac counts.   

The top i cal knowl edge of ec ono met ric mod el ling and soft ware prod ucts ap pli ca -
ble for eco nomic-mathematical mod el ling were used for solv ing of the prob lem.
How ever, the fi nal ob jec tive was to cre ate such a model sur round ings that en ables



the State Trea sury em ploy ees to make an ef fi cient and au ton o mous use of the sys -
tem with out re quire ments for spe cific ex per tise in econ o met rics and eco -
nomic-mathematical mod el ling.

2. DATABASE OF THE MODEL AND METHODOLOGY
OF ANALYSIS 

The ini tial da ta base for a solv ing of the pro ject are his tor i cal data of State Trea -
sury rev e nues in the struc ture pro vided by Tax Di rec tor ate of the Slo vak Re pub lic
and Cus toms Di rec tor ate of the Slo vak Re pub lic. We dis pose of com plete
day-to-day time se ries con cern ing daily de vel op ment of changes in Per sonal in come 
taxes, cor po rate in come taxes, with hold ing in come taxes, Value added tax and Ex -
cise taxes for the pe riod from 01.01.2000 to 30.06.2003 in ac cor dance with the Eco -
nomic clas si fi ca tion of in comes, grants, loans and other fi nan cial ad vances [2] in the 
fol low ing struc ture:

111001 Tax on de pend ent ac tiv ity and emol u ments of of fi cers
111002 Tax on busi ness ac tiv ity and other in de pend ent gain ful ac tiv ity
112001 Cor po rate in come tax (res i dents)
112002 Cor po rate in come tax (non-residents)
113001 With holding in come tax (from pri vate in di vid u als)
113002 With holding in come tax (from le gal en ti ties)

Value added tax real ised through Tax of fices of SR
131001 VAT
131002 Claimed  over-deduction of VAT

Value added tax real ised through Cus toms au thor i ties of SR
dph0705 VAT

Ex cise tax real ised through Tax of fices of SR
132001 Tax on min eral oils
132002 Tax re bate of paid tax on min eral oils
132003 Tax on al co hol
132004 Tax re bate of paid tax on al co hol
132005 Tax on beer
132006 Tax re bate of paid tax on beer
132007 Tax on wine
132008 Tax re bate of paid tax on wine
132009 Tax on to bacco and to bacco prod ucts
132007 Tax re bate on to bacco and to bacco prod ucts
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Ex cise tax real ised through Cus toms au thor i ties of SR
spd1791 Tax on min eral oils (in land) 
spd2700 Tax on min eral oils (im port)
spd2719 Tax on al co hol
spd2727 Tax on wine
spd2735 Tax on beer
spd2743 Tax on to bacco and to bacco prod ucts

The meth od ol ogy ap plied for a for ma tion of the model al lows the State Trea sury
an a lysts to solve the fol low ing tasks:

(a) to make ac cess to his tor i cal time se ries of daily changes on the ac counts of in di -
vid ual tax items in a trans par ent form, 

(b) to make ac cess to his tor i cal time se ries of ac cu mu la tive daily val ues of the ac -
counts of sin gle tax items in a trans par ent form, 

(c) based on his tor i cal data to gen er ate qual i fied pre dic tions of de vel op ment of ac -
cu mu la tive daily val ues of bal ances on the sin gle tax item ac counts with an ap -
pli ca tion of ec ono met ric ap proaches. 

(d) to transformate the prog no sis of ac cu mu la tive daily val ues of bal ances on the ac -
counts of sin gle tax items in such a way, that it takes into con sid er ation  a cal en -
dar of a cur rent month in terms of non-working days, i.e. hol i days, Sat ur days and 
Sun days,

(e) based on a trans formed fore cast of de vel op ment of ac cu mu la tive daily val ues of
bal ances on the ac counts of sin gle tax items to de rive an ad e quate prog no sis of
daily changes of  bal ances on the ac counts so that, it re flects a cal en dar of a cur -
rent month in re spect of non-working days,

(f) based on a pre dic tion of pro files of daily changes of bal ances on the ac counts of
Per sonal in come taxes, cor po rate in come taxes and witholding in come taxes to
gen er ate short-term fore casts of daily changes of bal ances on the ac counts un der
al ter na tively de fined ex pected bal ances on the ac counts at the end of pre dicted
months,

(g) to gen er ate anal o gously short-term fore casts of ac cu mu la tive val ues of daily bal -
ances on the ac counts un der al ter na tively de fined ex pected bal ances on the ac -
counts at the end of fore casted months.

Ac cu mu la tive daily de vel op ment of per sonal in come taxes, cor po rate in come
taxes and with hold ing taxes, value added tax and ex cise taxes  is pre dicted through
in di vid ual re gress equa tions. Their pa ram e ters were es ti mated in the programme
sys tem Soritec for Win dows via ap pli ca tion of Cochrane-Orcutt tech nique used for
elim i na tion of stated auto-correlation.
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This meth od ol ogy is real ised on the base of Ex cel model in sur round ings of
programme sys tem Micosoft ® Ex cel 2000 and the out puts are gen er ously doc u -
mented and il lus trated in the sur round ings of a large graphic sup port. 

The ini tial dis play of the real bal ances on the sin gle ac counts of tax in comes, (ex -
pected val ues) set by the user is in Fig ure 1. The graph i cal in ter pre ta tions of the
prog no sis of per sonal in come tax (tax on de pend ent ac tiv ity and emol u ments of of fi -
cers)  – daily changes – 3rd quar ter is in Fig ure 2.

3. CONCLUSION

In the pa per we pre sented a model sup port ive ap pa ra tus for anal y sis and prog no -
sis of the State Trea sury rev e nues stem ming from Per sonal in come taxes, cor po rate
in come taxes, witholding in come taxes, Value added tax and Ex cise taxes. The his -
tor i cal da ta base of the sys tem of mod els is formed by daily time se ries char ac ter iz -
ing in di vid ual tax in comes of the stated struc ture of pub lic funds for the pe riod of the 
years 2000 to 2003Q2.

The out come of reali sa tion of the model is a daily fore cast of rev e nues of the
State Trea sury SR for in di vid ual months of an ob served year, whereby in the course
of the year the model en ables to up date in for ma tion about fin ished months. The pre -
sented model pro vides in for ma tion about prog no sis in two re gimes of work:

(1) as a re sult of the pre dic tion fol low ing from his tor i cal da ta bases of mod els on
the ba sis of ec ono met ric mod els con cern ing tax rev e nues de vel op ment of the State
Trea sury of the Slo vak Re pub lic,

(2) as a re sult of the fore cast tak ing into ac count in di vid ual def i ni tions of ex -
pected monthly rev e nues of sin gle tax sys tem items, re spond ing to the an tic i pated
short-term cur rent de vel op ment of the sys tem

Model so lu tions of all vari ants of fore casts of de vel op ment of in di vid ual tax sys -
tem items are sup ported by files of il lus trat ing graphs.
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EVALUATION OF UNIVERSITY GRADUATES
TECHNICAL EFFICIENCY USING DATA
ENVELOPMENT ANALYSIS COMBINED
 WITH MULTIPLE CORRESPONDENCE

ANALYSIS: THE CASE OF THE UNIVERSITY OF
FLORENCE

GUIDO FERRARI, TIZIANA LAURETI

Ab stract: The aim of this pa per is to use a mo di fied two-stage tech ni que to in sert
the students’ cha rac te ris tics into a tech ni cal ef fi cien cy eva lu a tion of the
Ita lian uni ver si ty sys tem ba sed on Data En ve lop ment Ana ly sis (DEA). In 
the first sta ge, Mul ti ple Cor res pon den ce Ana ly sis (MCA) is ap plied to a
set of va riab les, which des cri be the uni ver si ty edu ca tio nal pro cess, to ob -
ta in a re du ced num ber of fac tors that in di ca te the students’ cha rac te ris tics 
as well as the faculties’ ones. In the se cond sta ge, DEA is used to eva lu a te
graduates’ tech ni cal ef fi cien cy ba sed on this re du ced num ber of fac tors.
Evi den ce from 1998 gra du a tes in the Uni ver si ty of Flo ren ce is pro vi ded
to show the po ten tia li ty of this pro ce du re to iden ti fy the sha re of ef fi cien -
cy due to students’ ca pa ci ty and that due to Faculties’ ef fi cien cy in re so -
ur ces sup ply ing.

Ke y words: Mul ti ple Cor res pon den ce Ana ly sis, Data En ve lop ment Ana ly sis, Fron -
tier Tech ni cal Ef fi cien cy.

1. INTRODUCTION

A spe cial in ter est is grow ing in the Ital ian uni ver sity sys tem on is sues re lated to
the mea sure ment of pro duc tive ef fi ciency of the uni ver si ties, and on the con struc -
tion of re lated per for mance in di ca tors. Since a uni ver sity can be thought of as a
multi-product firm (Johnes, 1993), per for mance in di ca tors might be con structed for
dif fer ent fea tures (e.g. in ter nal per for mance in di ca tors re lated to com ple tion spells,
exam scores and fi nal de gree score, etc.).

By and large, uni ver sity ef fi ciency anal y sis has fol lowed three ap proaches:
(i) a uni ver sity level ap proach, where the unit of ob ser va tion is the in sti tute of

higher ed u ca tion it self (Johnes, 1996; Breu and Raab, 1994; Sarrico et al.1997);



(ii) a sub ject level one, where the unit of ob ser va tion is a de part ment (Beasley,
1990, 1995; Johnes and Johnes, 1993); and 

(iii) an in di vid ual level ap proach, where the unit of ob ser va tion is the stu dent
(Ferrari and Laureti, 2002).

Dif fer ent meth ods have also been used, the main dis tinc tion be ing be tween a
para met ric ap proach and a non-parametric one. Para met ric tech niques that usu ally
have been used in clude re gres sion meth ods and lim ited de pend ent vari able mod els
(see, as an ex am ple, Smith and Naylor, 2001). Non-parametric meth ods have
largely been based upon Data En vel op ment Anal y sis (DEA) (Lovell and Schmidt,
1988).

The pur pose of this pa per is to eval u ate the fron tier ef fi ciency of the hu man cap i -
tal for ma tion in the Uni ver sity of Flor ence. In par tic u lar, we will use DEA to ob tain
mea sures of the ef fi ciency in the pro duc tion of the grad u ates at the Uni ver sity of
Flor ence in 1998.

Mul ti ple Cor re spon dence Anal y sis (MCA) is used in this pa per to in sert stu -
dents’ char ac ter is tics into a DEA-based ef fi ciency eval u a tion pro ce dure. This sug -
gested two-stage pro ce dure al lows to di rectly eval u ate the im pact of stu dents’
char ac ter is tics on their per for mance, by avoid ing the bias due to the use of the
two-stage pro ce dure that typ i cally is uti lized to in cor po rate en vi ron men tal ef fects in 
DEA1 .

Fur ther more, the use of MCA en ables to re duce the num ber of in puts with min i -
mum loss of in for ma tion. As the grad u ates are nested into de gree course
programmes, our two-stage pro ce dure - that uses the MCA load ings to mea sure the
tech ni cal ef fi ciency of the grad u ates – is in spired by the one sug gested by Charnes,
et al. (1981) and re cently de vel oped by Portela and Thanassoulis (2002).

The pa per is or gan ised as fol lows. In the next Sec tion, the hu man cap i tal for ma -
tion pro cess in the Ital ian uni ver sity is re garded as a “clas sic” pro duc tion pro cess. In
Sec tion 3, the MCA-DEA based two-step ef fi ciency eval u a tion pro ce dure is dis -
cussed. In Sec tion 4, data from Flor ence Uni ver sity are dis cussed and some em pir i -
cal re sults from the ef fi ciency es ti ma tion are pre sented. Sec tion 5 con cludes with
some com ments on pro ce dure and re sults.

2. THE  UNIVERSITY PRODUCTION PROCESS OF
A GRADUATE

The for ma tion of a grad u ate in the uni ver sity can be viewed as a pro duc tion pro -
cess, even though char ac ter ized by spe cific fea tures that make it pe cu liar in the clas -
sic pro duc tion pro cess frame work (Ferrari and Laureti, 2002). The uni ver sity,

3 2 Guido Ferrari, Tiziana Laureti

1  In de ed, the ty pi cal two- sta ge ap pro ach fol lows a first sta ge DEA exer ci se ba sed on in puts and out puts, and a
se cond sta ge re gres sion ana ly sis ai ming at ex pla i ning va ria tions in first sta ge ef fi cien cy sco res in terms of a
vec tor of ob ser vab le exo ge no us va riab les (e.g. Pitt and Lee, 1981).



through the train ing, trans forms a cul tural “raw” ma te rial rep re sented by the stu -
dents com ing from high school, into a cul tural “re fined” ma te rial (out put), through
the uti li za tion of a num ber of ma te rial and non-material in puts, such as teach ers,
text books, class-rooms, com put ers, li brar ies, etc. In this con text, also the stu dent
who is sub mit ted to the ed u ca tional pro cess is viewed as an in put. But he takes more
or less ac tively part in the car ry ing out of the pro cess and af fects the re sults. In deed,
in the pro duc tion pro cess, the stu dent plays both ac tive and pas sive roles. Thus, we
look at the stu dent as the pro duc tion unit who, by us ing the above in puts sup plied by
the fac ulty he/she at tends along with other in di vid ual in puts (e.g. his/her in di vid ual
psy cho log i cal, so cial, and house hold char ac ter is tics) pro duces him/her self as a
grad u ate, i.e., as an out put pos sess ing a num ber of char ac ter is tics (Figure1).

Hence, we model the pro duc tion pro cess as an in put-output space where the ob -
served points are rep re sented by stu dents within a given fac ulty. We will per form
the anal y sis of this com plex pro duc tion pro cess within a tech ni cal ef fi ciency frame -
work, suit able for pub lic firms pro duc tion pro cesses, as the stu dents carry out their
pro duc tion ac tiv ity in side uni ver sity, an in sti tu tion that in It aly is by more than 90%
gov ern ment-owned. In or der to ex press as the in puts of the pro cess the char ac ter is -
tics of the stu dents that are rep re sented by cat e gor i cal vari ables (such as ca pa bil i ties, 
socio-economic sta tus, gen der, ed u ca tional ex pe ri ence gained at high school) and
that can hardly af fect the re sults, in this pa per we pro pose the uti li za tion of MCA as
the first stage in ef fi ciency eval u a tion. To de rive the mea sure of ef fi ciency, DEA
has been cho sen as the grad u ate pro duces him/her self by uti liz ing mul ti ple in puts
dif fi cult to model via a suit able pro duc tion func tion and as it al lows to prop erly con -
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sider the hi er ar chi cal struc ture of the data (as in Fig ure 1) and to ob tain a de com po si -
tion of the ef fi ciency score (Thanassoulis and Portela, 2002).

3. EFFICIENCY EVALUATION PROCEDURE:
MCA AND DEA TWO-STAGE APPROACH

One of the most fre quent prob lems in DEA is the lack of dif fer en ti a tion be tween
the pro duc tion units, which can be caused by an ex ces sive num ber of in puts with re -
spect to the to tal num ber of units in the anal y sis. One way of deal ing with this prob -
lem, de vel oped first by Golany and Adler (2001), is a com bi na tion of Prin ci pal
Com po nent Anal y sis (PCA), which de scribes a ma trix of data through a re duced
num ber of vari ables or prin ci pal com po nents, and DEA. 

Sim i larly to PCA for met ric data, MCA (Green acre, 1984) aims to re duce
dimensionality with the least pos si ble loss of in for ma tion, whereas the in ter pre ta -
tion of the ex tracted di men sions is based on the cat e go ries of the ana lysed vari ables.
By us ing MCA on a set of vari ables de scrib ing the ed u ca tional pro duc tion pro cess,
one can both re duce the num ber of in puts and di rectly in tro duce the stu dents’ char -
ac ter is tics along with the other in puts into the sub se quent ef fi ciency eval u a tion by
means of a quan ti ta tive mea sure of them ex pressed by the fac tor load ings.

Since MCA can get some neg a tive fig ures and as in puts (out puts) of a DEA need
to be strictly pos i tive, an af fined trans for ma tion of the data can be uti lized which
does not af fect the re sults when us ing the Banker, Charnes and Coo per (BCC)
(1984) out put ori ented model. In deed, Pas tor (1996) proved that the BCC out put
ori ented model is in put trans la tion in vari ant and vice versa. Con se quently, all MCA
in put data used in the out put ori ented DEA have been in creased by the high est neg a -
tive value in the vec tor plus one, thus en sur ing strictly pos i tive data.  Let n de note
the num ber of grad u ates, in dexed over j such that j = 1,…,n ; xij de notes the ith in put
used by the grad u ate to pro duce him/her self, and yj de notes the level of the out put
yielded by the grad u ate (for in stance, the fi nal score). The pro duc tion pos si bil ity set
of the BCC model is de fined as:

( ){ }PB CC = ≥ ≤ = ≥x y x X y Y e, | , , ,λ λ λ λ1 0 (1)

whe re ( )X x= ∈ ×
j

s nR ,  λ ∈ Rn   and e is a row vec tor with all ele ments equ al to 1.

The con di tion eλ λ= =
=

∑ j
j

n

1

1 to get her with λ j ≥ 0, ∀ j, im po ses a con ve xi ty con di -

tion on al lo wab le ways in which the n  pro duc tion units may be com bi ned. The Far -
rell (1957) output-oriented tech ni cal ef fi cien cy me a su re for gra du a te j, ex pres sed by 
θj , can be de ter mi ned using a stan dard li ne ar prog ra mming al go rithms. The kth gra -
du a te is ef fi cient if θ k = 1 and inef fi cient if θ k < 1. 

Since the in put data set has a two fold struc ture (Fig ure 1), we will adopt a
method where ef fi cien cies can be es ti mated at these two dif fer ent groups lev els. In
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fact, each stu dent’s ef fi ciency mea sure ob tained from DEA will in cor po rate a com -
po nent which is the con se quence of the stu dent’s own ef forts and a com po nent
which is the con se quence of the ef fi ciency of the fac ulty at tended by him. There -
fore, in or der to prop erly as sess the ef fi ciency of the grad u ates, it is nec es sary to de -
com pose the stu dents’ ef fi ciency mea sures into these two com po nents.

To graph i cally show this de com po si tion, let’s con sider a hy po thet i cal data set of
stu dents from two fac ul ties, la belled Fac ulty 1 and Fac ulty 2 (Fig ure 2). The fron tier 
of Fac ulty 1 con sists of the lines con nect ing A1, B1 and C1 and is called within fron -
tier or, ac cord ing to the ter mi nol ogy of Thanassoulis and Portela (2002), the grad u -
ate-within-own-faculty ef fi ciency bound ary . Sim i larly, Fac ulty 2’s within fron tier
con sists of the bold lines con nect ing D2, E2 and F2. Finally, the bound ary A1 B1 F2
en vel ops all grad u ates and is the over all fron tier or the grad u ate-within-all-faculties 
ef fi ciency bound ary. 

Con se quently, in the out put-oriented frame work, grad u ate G2 has an over all ef fi -
ciency  HG2  /HG”. This ef fi ciency can be de com posed in: a within ef fi ciency HG2
/HG’,  which rep re sents the pro por tion of ef fi ciency ob tained by stu dent G2  rel a tive
to the best achieve ment ob tained by stu dents from Fac ulty 2 only and is due to the
stu dent’s own ef forts; a be tween ef fi ciency  HG’/HG”, given by the dis tance be -
tween the within and the over all fron tiers, which gives a mea sure of the im pact of
Fac ulty 2 on his/her per for mance.

4. DATA AND EMPIRICAL RESULTS

The above pro ce dure was ap plied to the 1998 grad u ates from the Uni ver sity of
Flor ence. The data co mes from sev eral sources cen tring on an over all sur vey on job
op por tu ni ties. Ad di tional data were col lected from the ad min is tra tive ar chives and
the Cen tral Li brary. Af ter con sid er ing only the grad u ates who did not move from
one course pro gram to an other dur ing their uni ver sity ca reer and check ing for any
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pos si ble out li ers2 we have se lected the fol low ing in puts for each of the re sult ing
2,236 grad u ates: a) Hu man re sources: 1. Av er age num ber of full and as so ci ate pro -
fes sors per grad u ate (ANFAP); 2. Av er age num ber of re search ers per grad u ate
(ANR); b) Cap i tal re sources : 3. Av er age num ber of seats in lec ture halls per stu dent 
(ANS); 4. Av er age num ber of lec ture halls per stu dent (ANH); 5. Av er age num ber
of books in the li brary per stu dent (ANB); 6.av er age num ber of jour nals and re views 
in the li brary per stu dent (ANJ); 7. Av er age num ber of uni ver sity pieces of fur ni ture
per stu dent (ANF); 8. Av er age num ber of uni ver sity pieces of equip ment (ANE); c)
In di vid ual in puts: 9. Gen der; 10. Res i dence, that is macro-region of res i dence (three 
cat e go ries); 11. Type of sec ond ary school at tended (five cat e go ries); 12. Fi nal
high-school mark (HSM); 13. Reg u lar ity at school, that is if the stu dent has re peated 
a year at school (two cat e go ries); 14. Working sta tus while at tend ing uni ver sity (two 
cat e go ries)3 .

Starting from an in ter est ing sug ges tion by Checchi (2000), we have de fined as
out put  of the pro duc tion pro cess an in di ca tor of stu dent’s per for mance (PERF) ob -
tained by tak ing the av er age grade at the ex ams di vided by the rel a tive length of
study, i.e., the ef fec tive length of study com pared to the oblig a tory length4. Ta ble 1
re ports the av er age value of the quan ti ta tive vari ables by fac ulty.

Tab le 1.  Ave ra ge Va riab le Va lu es by Fa cul ty

Fa cul ty ANFAP ANR ANS ANH ANB ANJ ANF ANE HSM PERF

Ag ri cul tu ral
Scien ces 0.057 0.026 0.576 0.011 83.59 0.22 1.963 1.222 46.5 17.49

Ar chi tec tu re 0.011 0.008 0.195 0.002 3.86 0.034 0.357 0.276 46.7 14.85

Eco no mics 0.013 0.008 0.241 0.003 31.87 0.129 0.484 0.084 49.5 14.12
Phar ma co -
lo gy 0.042 0.023 0.39 0.005 2.08 0.04 1.326 1.1 48.3 16.91

Law 0.007 0.007 0.193 0.002 38.39 0.141 0.244 0.037 48.8 14.82

En gi ne e ring 0.023 0.010 0.402 0.005 4.98 0.091 0.641 0.509 52.7 17.39
Hu ma ni ties 0.023 0.019 0.275 0.005 160.23 0.336 0.375 0.119 49.2 14.83
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2
 The re are se ve ral ap pro a ches in DEA mo dels to sol ve the prob lem of de tec ting in flu en tial ob ser va tions (Pas -
tor, Ruiz and Sir vent ,1999). Ho we ver, in this con text, the na tu re of the data sug gests to di rec tly check for out -
liers with res pect to length of stu dy (X) using the so-called three-sigma rule, that the pro ba b i li ty is less than 5%
that X is more than three stan dard de via tions from the mean of the po pu la tion.  By ap ply ing this rule we de le ted
41 ob ser va tions.

3
 It sho uld be no ted that the student’s cha rac te ris tics con si de red have been lar ge ly de t er mi ned by the ava i la bi li ty
of data.

4  In de ed, ac cor ding to the Ita lian uni ver si ty sys tem, a stu dent ob ta ins a de gree when he/she has pas sed a pred e -
ter mi ned num ber of exams (with a mi ni mum mark of 18 out of 30) and de fen ded a fi nal dis ser ta tion. It is re a so -
nab le to as su me that the stu dent who pro du ces him self/her self as a gra du a te wants to fi nish uni ver si ty stu dies
and get the de gree wit hin the in sti tu tio nal time es tab lis hed for the co ur se prog ram he/she at tends. But, sin ce
the re is a mi ni mum num ber of ye ars of en rol ment but not a ma xi mum, the ac tu al length of stu dy time of ten ex -
ce eds the in sti tu tio nal tar get.



Fa cul ty ANFAP ANR ANS ANH ANB ANJ ANF ANE HSM PERF

Me di ci ne
and Sur ge ry 0.136 0.050 1.708 0.02 88.05 0.154 2.461 1.863 50.5 21.18

Bio lo gy and
Mat he ma -
tics

0.057 0.027 0.828 0.011 116.68 0.471 1.492 1.192 48.9 17.17

Po li ti cal
Scien ces 0.011 0.008 0.18 0.002 36.16 0.138 0.35 0.107 46.9 14.91

Scien ces of
Edu ca tion 0.013 0.011 0.256 0.004 40.26 0.106 0.583 0.093 46.6 16.63

To tals 0.023 0.013 0.354 0.005 48.76 0.158 0.648 0.367 48.6 15.66

It can be noted that there are strong dif fer ences in the avail abil ity of re sources
among fac ul ties which re flect clear dif fer ences in the way the grad u ate pro duc tion
pro cess is im ple mented within fac ul ties. Con se quently, the im por tance of com par -
ing “like-to-like” be comes an over rid ing con sid er ation in our achieve ment of a
“fair” eval u a tion scheme.

Af ter clas si fy ing con tin u ous vari ables into classes, we have ap plied a MCA on
the above 14 vari ables us ing the SPAD 3.01 soft ware. The to tal vari ance ex pressed
by the first two fac tors is 24.6%: a good re sult if we think to the orig i nal di men sion
of vec tor space, that is 69-14=55, with to tal in er tia equal to (69/14)-1=3.93 (Lebart,
Morineau and Warwick, 1984). It is pos si ble to lo cate the cor re spon dence be tween
two or more vari ables, be tween vari ables and grad u ates and to state roughly a range
along the first fac tor of all the fac ulty re sources, both hu man and cap i tal, while the
sec ond fac tor better de scribes the char ac ter is tics of the grad u ates5.

As a mat ter of fact, when the val ues of the first fac tor do in crease from the right
to the left, one can see an in crease in num ber of pro fes sors, of lec ture halls, of text -
books, etc, whereas as the of the sec ond fac tor do in crease, one grad u ally moves
from stu dent char ac ter ized by low high school marks, liv ing long way from Flor -
ence uni ver sity to stu dents who did n’t work dur ing their ac a demic ca reer un til one
reaches grad u ates liv ing in Flor ence, who per formed well at high school, and who
worked dur ing their uni ver sity stud ies. It should be stressed that the MCA scores
(Ta ble 2) show the same fac ulty or der ing as the one in Ta ble 1.

The mea sures of out put-efficiency for each of the 2,236 grad u ates, have been ob -
tained by us ing the DEAP ver sion 2.1 (Coelli, 1996). The in put data is in the form of
MCA scores of Ta ble 2. Ta ble 3 be low shows that 14 grad u ates, out of 2,236, are
iden ti fied with 1.0 score 1.0, as be ing fully ef fi cient. The av er age over all ef fi ciency
score is 0.575. This means that on av er age, in ef fi cient grad u ates should be able to
in crease out puts by 42.5% with out hav ing to in crease in puts. In other words, the
grad u ates be low the over all en ve lope, that is, with ef fi ciency scores less than 1, can
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achieve a higher per for mance with the same level of in put. The sum mary across all
stu dents con ceals some po ten tially in ter est ing vari a tions in ef fi cien cies among stu -
dents from dif fer ent fac ul ties (Ta ble 3). Let’s con sider for ex am ple the Fac ulty of
Phar ma col ogy. The grad u ates from this fac ulty have a rel a tively poor be tween ef fi -
ciency score (0.793) com pared to the av er age of the pop u la tion (0.876).

A closer look re veals that the within ef fi ciency mea sure is very high com pared
with the over all ef fi ciency (see Fig ure 3a).

Tab le 2.  Ave ra ge Va riab le Va lu es by Fa cul ty

Fa cul ty
Fac tor 1 Fac tor 2

Mean Min Max Mean Min Max
Ag ri cul tu ral Scien ces 3.16 3.09 3.22 2.18 2.10 2.26

Ar chi tec tu re 1.29 1.19 1.36 1.82 1.57 2.00
Eco no mics 1.22 1.11 1.38 3.19 3.05 3.27

Phar ma co lo gy 2.51 2.34 2.60 2.17 2.08 2.31
Law 1.10 1.00 1.17 1.16 1.00 1.36

En gi ne e ring 2.04 1.94 2.16 2.74 2.63 2.94

Hu ma ni ties 1.86 1.79 2.01 3.00 2.68 3.10
Me di ci ne and Sur ge ry 3.08 2.94 3.19 2.09 1.93 2.28

Bio lo gy and Mat he ma tics 3.50 3.41 3.55 1.94 1.85 2.04
Po li ti cal Scien ces 1.25 1.17 1.34 2.20 2.05 2.32

Scien ces of Edu ca tion 1.60 1.42 1.73 3.07 2.63 3.29
1.73 1.00 3.55 2.36 1.00 3.29

Thus, the grad u ates of Phar ma col ogy are per form ing well within the fac ulty –
they are per form ing on or close to the fac ulty’s own ef fi ciency fron tier - but are pre -
vented from better per form ing due to fac ulty’s rel a tive in ef fi ciency, that is the fac -
ulty’s ef fi ciency fron tier is well in side the over all ef fi ciency fron tier. Let’s now
con sider the Fac ulty of Ag ri cul ture, which has a rel a tively high be tween ef fi ciency
score (0.866). As can be noted from Fig ure 3b, the within and the over all ef fi ciency
mea sures are quite sim i lar. Hence, the grad u ates of Ag ri cul ture are not per form ing
par tic u larly well within the fac ulty and the main con straint on achiev ing higher ef fi -
ciency is their own ef forts, as the fac ulty’s ef fi ciency fron tier is close to the over all
one.
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Ta ble 3.  Sum mary of Ef fi ciency Mea sures by  Fac ulty

Ove rall ef fi cien cy Wit hin ef fi cien cy Bet we en ef fi cien cy

Fa cul ty
N. of
units

Mean Min Max
Ef fi -
cient
units

Mean Min Max
Ef fi -
cient
units

Mean Min Max
Ef fi -
cient
units

Ag ri cul tu re 70 0.592 0.239 0.963 0 0.700 0.254 1.000 11 0.866 0.260 0.965 0

Ar chi tec tu re 396 0.558 0.262 0.990 0 0.629 0.269 1.000 8 0.903 0.651 0.990 0

Eco no mics 388 0.533 0.248 1.000 1 0.659 0.291 1.000 7 0.823 0.472 1.000 6

Phar ma co lo gy 53 0.577 0.300 0.961 0 0.736 0.437 1.000 6 0.793 0.356 0.961 0

Law 275 0.683 0.345 1.000 8 0.685 0.345 1.000 8 0.999 0.990 1.000 188
En gi ne e ring 214 0.584 0.216 0.929 0 0.731 0.282 1.000 11 0.799 0.271 0.930 0
Hu ma ni ties 230 0.499 0.226 1.000 1 0.641 0.323 1.000 8 0.783 0.276 1.000 8

Me di ci ne &
 Surg. 80 0.722 0.225 1.000 1 0.731 0.225 1.000 5 0.989 0.789 1.000 6

Bio lo gy &
 Math.

170 0.590 0.230 1.000 1 0.671 0.238 1.000 12 0.890 0.250 1.000 10

Po li ti cal
Scien ces

164 0.556 0.265 0.897 0 0.713 0.406 1.000 9 0.782 0.336 0.897 0

Scien ces of
Educ. 196 0.562 0.244 1.000 2 0.565 0.245 1.000 5 0.995 0.753 1.000 32

2236 0.575 0.216 1.000 14 0.664 0.225 1.000 90 0.876 0.250 1.000 250

The above two fac ul ties can also ob tain help ful in for ma tion from these in di vid -
ual level re sults to gether with the stu dents’ char ac ter is tics emerg ing from Fac tor 2
scores. In deed, the stu dents of both fac ul ties pres ent sim i lar char ac ter is tics (i.e. the y
live in Flor ence, did n’t work dur ing their uni ver sity stud ies, got high school marks).

Fig ure 3a: Phar ma col ogy Fig ure 3b: Ag ri cul tural Sci ences

In or der to in crease ef fi ciency, Phar ma col ogy needs to find ways of in creas ing
its own ef fi ciency by mov ing its own fron tier out, with better man age ment of “pro -
gram” in puts (e.g. teach ing and other staff, stu dent work load, etc). On the other
hand, Ag ri cul ture needs to find ways of stim u lat ing stu dents’ ef forts in or der to in -
crease both within and over all ef fi cien cies, get ting its stu dents per form ing closer to
in di vid ual and over all ef fi ciency fron tiers.
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5. CONCLUSIONS

The aim of this pa per was to pro pose the use of MCA in or der to in clude the stu -
dent’s char ac ter is tics and to re duce the num ber of in puts for a sub se quent DEA. We
run sev eral DEA mod els in or der to check the sen si tiv ity of re sults to the num ber of
MCA fac tors, with quite sim i lar re sults.

Thus, a re duc tion of the data de scrib ing the uni ver sity pro duc tion pro cess
through MCA can al low to take ac count of more in for ma tion than would oth er wise
be the case. Fur ther more, the in di vid ual DEA ap proach used here has dis en tan gled
the ef fect of the in di vid ual and the ef fect of the fac ulty at tended in de ter min ing tech -
ni cal ef fi ciency. The re sults ob tained can iden tify for each fac ulty whether they
need to stim u late their stu dents’ ef forts by better man age ment of in di vid ual in puts
(e.g. im prove the stu dent co he sion) or whether they need to in crease ef forts to better
man age ment of fac ulty in puts (e.g. teach ing and other staff). In deed, it is pos si ble
that a dif fer ent strat egy is re quired, de pend ing on whether or not the in di vid ual is ef -
fi cient within his own fac ulty. Fur ther in ves ti ga tion is needed on how fac ul ties
might best achieve these aims.
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M G| |∞ QUEUE BUSY CYCLE RENEWAL
FUNCTION FOR SOME PARTICULAR SERVICE

TIME DISTRIBUTIONS

MANUEL ALBERTO M. FERREIRA

Ab stract In this pa per we pre sent for mu las to com pu te the busy cyc le re ne wal fun -
ction for the M G| |∞ qu e ue, con si de ring ser vi ce time dis tri bu tions that
ari se when we stu dy pa ra me ters re la ted to the busy pe riod. The busy cyc le
re ne wal fun ction in t  gi ves the mean num ber of busy pe riods that be gin in 
[ ]0, t .

Ke y words: M|G|∞, busy cyc le, re ne wal fun ction.

1. INTRODUCTION

In the M G| | ∞ queueing sys tem, λ  is the cus tom ers Pois son pro cess ar rival rate,
each cus tomer gets a ser vice that is a pos i tive real value with dis tri bu tion func tion 

( )G ⋅  and mean α, be ing ( )[ ]α = −
∞

∫ 1
0

G t dt; there are in fi nite serv ers and the ser vice

time of each cus tomer is in de pend ent of the oth ers. The traf fic in ten sity is ρ λα= .
In a queueing sys tem we usu ally call busy pe riod a pe riod that be gins when a cus -

tomer ar rives there, and it is empty; it ends when a cus tomer leaves the sys tem let -
ting it empty, and there is al ways at least one cus tomer pres ent. So, in a queueing
sys tem, there is al ways a se quence of idle pe ri ods and busy pe ri ods.

Let’s con sider the M G| | ∞  sys tem with time or i gin at the be gin ning of a busy pe -
riod. The in stant 0 1 2, , ,t t … at which a busy pe riod be gins, are the ar rival ep ochs of a
re newal pro cess (Takács (1962)). We say that a cy cle is com plete when a re newal
oc curs, that is, a busy pe riod be gins. These cy cles are busy cy cles; and their length is 
a real value that we will call Z.

So

Z B I= + (1.1)

whe re B is the busy pe riod length and I the idle pe riod one.
Takács (1962) proved that B and I are stochastically in de pend ent and, still, that

the Z Laplace-Stieltjes trans form, ( )Z s , is given by 

( ) ( ) ( )
Z s

s P s
= −

+
1 1

00λ
(1.2),



whe re ( )P s00   is the ( )
( )[ ]

p t e
G d

o

t

00

1

=
∫− −λ ν ν

 Laplace-Stieltjes trans form, pro ba bi li ty

of the sys tem em pti ness at t ha ving been ini tial ly em pty.
That au thor showed also that

[ ]E Z e=
ρ

λ
(1.3)

and

[ ]
( )[ ]

E Z e e e dt e
G d

o

t

2 1 2
1

0

22 2=
∫















+−
− −

−
∞

−∫λ λρ
λ ν ν

ρ ρ– (1.4).

Be ing I ex po nen tially dis trib uted with pa ram e ter λ its Laplace-Stieltjes trans -

form is ( )I s
s

=
+
λ

λ
 and the ra tio 

( )
( )

Z s

I s
 gives the ex pres sion 

( )
( )

B s s
P s

= +








1

1 1

0 0λ
–  for the Laplace-Stieltjes trans form of B (Stadje (1985)),

whose in ver sion is a com plex prob lem ex cept for some ser vice dis tri bu tions (see
Ferreira (1991), (1995), (1998)).

Our work in this pa per will fo cus on the M G| | ∞ queue busy cy cle, in par tic u lar
in its re newal func tion study.

2. THE M G| |∞ QUEUE BUSY CYCLE RENEWAL FUNCTION

The re newal func tion, R of a re newal pro cess is given for 
R F F F= + + + +…1 2 3* *  where F n*  is the n -th interrenewal time con vo lu tion with
it self dis tri bu tion func tion (see, for in stance, Çinlar (1975)). It gives the mean num -
ber of re new als in [ ]0, t . For in stance, in the ap pli ca tion of this model to un em ploy -
ment sit u a tions, a busy pe riod is a pe riod of un em ploy ment. And, in ill ness
sit u a tions, a busy pe riod is an ep i demic pe riod. See, about this kind of ap pli ca tions
Ferreira (2003 and 2003a).

To com pute the M G| | ∞  queue busy cy cle re newal func tion we have, us ing the

Laplace-Stieltjes trans form, ( ) ( ) ( ) ( )
( )

R s
s s

Z s
s

Z s
s

Z s
s
Z s

n
= + + + … + =

−

−1 1 1 1
1

2
1

( ) ( )

( ) ( )
( ) ( )=

− +
+

=
+

= +
−s

s P s

s P s

s
P s

s
P s

1

0 0

00
00 00

1 1 1
1

λ

λ
λ .
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So, ( ) ( ) ( )R t p t p u du
t

= + ∫00 00
0

λ , and:

( )
( )[ ] ( )[ ]

R t e e du
G d G dt

t t

=
∫

+
∫− − − −

∫
λ ν ν λ ν ν

λ
1 1

0

0 0 (2.1).

Note that:

( )lim –
t

R t
e

t
→ ∞







=λ
ρ

 
( )[ ] ( )[ ]

lim –
t

G d G dt

e e e du
e

t

t u

→ ∞

− −
−

− −∫
+

∫




 ∫

λ ν ν
ρ

ρ λ ν ν

ρ
λ λ1 1

0

0 0











= 

( )[ ]
= +

∫















=− −

−>∞

− −
−

∫e e e du e
t

G dt
u

ρ ρ
ρ λ ν ν

ρλ lim –
1

0

0 1
( )[ ]

+
∫















−
−∞

∞

∫λ ρ
λ ν ν

e e du
G d

u

1

0

1–

So, it is easy to see that:

( ) [ ]
[ ] [ ]

[ ]
lim –
t

R t
t

E Z

VAR Z E Z

E Z→∞













=
+ 2

22
(2.2)

as it has to be with a re ne wal fun ction.
– As ( )e p t− ≤ ≤ρ

00 1,

( ) ( ) ( )p t e t R t p t t00 00+ ≤ ≤ +−λ λρ
(2.3)

and, still,

( ) ( )e t R t t− + ≤ ≤ +ρ λ λ1 1 (2.4),

we con clu de that

( )lim
α

λ
→

= +
0

1R t t (2.5),

as it has to be be ca u se, when the ser vi ce time is nul, when it ar ri ves each cus to mer
be gins a busy pe riod.

And the ar rival in stants, in the M G| | ∞  sys tem, oc cur ac cord ing to a Pois son
pro cess at rate λ.

( ) ( ) ( )[ ]{ } ( ) ( ) ( )− = − − + = ≥
d
dt

R t p t G t p t G t p t00 00 001 0λ λ λ .

So ( )R t  in creases with t.
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3. ( )R t  VALUES FOR SOME PARTICULAR SERVICE TIME
DISTRIBUTIONS

A. The M G| | ∞ emp ti ness prob a bil ity at time t , as time func tion, be ing the ini tial 
in stant the one of the be gin ning of a busy pe riod (at which a cus tomer ar rives at the

sys tem find ing it empty) is determinated by the sign of ( )
( )

( )
g t

G t
G t t

1
0

−
≥– ,λ

(Ferreira (1996)) where ( )g ⋅  and ()G ⋅  are, re spec tively the ser vice time p.d.f. and
d.f. .

Putting ( )
( ) ( ) ( )

g t

G t
G t t

1−
=– λ β  ( ( )β . is any time func tion) we get

( ) ( ) ( )[ ] ( ) ( )
d G t

dt
G t t G t t= − − − +λ β λ β2 (3.1)

that is a Ri cat ti equ a tion abo ut ( )G ⋅ .
Solving it, af ter not ing that ( )G t t= ≥1 0,  is a so lu tion, we get

( ) ( )
( )

( )

( )
G t

e e

e dw e e

t u d u

w u du

t

w
= −

−
∫

∫
−

−
−

−∞
−

−

∫

1
1 1

1

0

0

0

λ

ρ
λ β

λ β
ρ

λ

–

–

–
( )w u dut

w

dw
– β

0

0

∫
∫

, 

( )
t

u du

t e

t

≥ − ≤ ≤
−

∫
0

1
0, λ

β
λ

ρ

(3.2).

Putting di rectly (3.2) in (2.1) we get the cor re spond ing value for ( )R t . If ( )β βt =
(con stant)

( )
( )( )

( )( )G t
e

e e
t

et
=

− +

+
≥ − ≤ ≤

−

−

− − +
1

1

1
0

1
–

–
, ,

ρ

ρ λ β ρ

λ β

λ λ
λ β λ  (Fer re i ra (1998))      (3.3).

For this ser vice time dis tri bu tions col lec tion the busy pe riod length is ex po nen -
tially dis trib uted with an atom at the or i gin.

Af ter (2.1) we get  ( ) ( ) ( ) ( ) ( )R t e t e e e
t

= + + −
+

+ −
+

− − − + −ρ ρ λ β ρ
λ

β
λ β

λ
λ β

1 1 1 , 

− < <
−

λ β λ
ρe 1

. It is easy to show that ( )R t e− −−λ ρ [ ] [ ]
[ ]

−
+

=
VAR Z E Z

E Z

2

22
0, t ≥ 0.

For the col lec tion given by (3.2) we can show that
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( )
( ) ( ) ( )

R t

t e e

e
t

u du

t

e
t t

≥

+ + + +














≥ − ≤

−
−

− −

∫1 1 1

0

1

0

λ

λ
β

ρ
λ

ρ

ρ

, , ≤
−

λ
ρe 1

  (3.4)

B. The M G| | ∞ populational pro cess, with time or i gin at a busy pe riod be gin -
ning in stant, mean be hav iour as time func tion determinated by the sign of 

( )
( )

g t

G t
t

1
0

−
≥– ,λ  (Ferreira (2003 and 2003a)).

Putting 
( )
( ) ( )

g t

G t
t

1−
− =λ β  ( ( )β ⋅  is any time func tion) we get 

( ) ( )[ ]{ }
( ) ( )

G t G e t
u du

t

t u du

t
t

= − −
∫

≥ ≥ −
− ∫

1 1 0 00 0
λ β β

λ
–

, , (3.5).

Putting di rectly (3.5) in (2.1) we get the cor re spond ing value for ( )R t .
For β= 0, (3.5) be comes

( ) ( )[ ]G t G e tt= − − ≥−1 1 0 0λ , (3.6)

with ( )1 0− =G ρ. In this si tu a tion the M G| | ∞ po pu la tio nal pro cess, with time ori -
gin at a busy pe riod be gin ning in stant, mean is con stant with va lue rho (Fer re i ra
(2003 and 2003a)). As for ( )R t  we have 

( ) ( ) ( )R t e e du
e ett u

= +
− − − −− −

∫
ρ ρλ λ

λ
1 1

0

(3.7)

and also
( )

( )
( )

e e t R t e t
e et t− − − − −− −

+ ≤ ≤ +
ρ ρ ρλ λ

λ λ
1 1 (3.8)

CONCLUSIONS

Af ter a short study about ( )R t  and its prop er ties, we pres ent the for mu las for it in
the sit u a tion of par tic u lar dis tri bu tion func tions re lated to im por tant busy pe riod pa -
ram e ters be hav iour study as time func tions.

We show also bounds that help, in this case, when the for mu las are note so
friendly.

4 6 Manuel Alberto M. Ferreira



REFERENCES

[1] BROWN, M.: Fur ther mo no to ni ci ty pro per ties for spe cia li zed re ne wal pro ces -
ses . Ann. Prob. 9 (1981), 891-895.

[2] ÇINLAR, E.: In tro duc tion to Sto chas tic Pro ces ses. New Jer sey: Prentice-Hall,
Inc.. 1975.

[3] COX, D. R.: Re ne wal The o ry. Met hen Lon don. 1962.
[4] FERREIRA, M.A.M.: Um sis te ma M G com pe rí o do de ocu paç ão ex po nen cial. Ac -

tas das XV Jor na das Luso-espanholas de Ma te má ti ca, Vol. IV, Uni ver sia de de Évo -
ra. Évo ra, 1991.

[5] FERREIRA, M.A.M.: Ca u da do pe rí o do de ocu paç ão de fila de es pe ra MG. Co -
mu ni caç ão ap re sen ta da no III Con gres so Anu al da So cie da de Po rtu gu e sa de Es -
ta tís ti ca. Gu i mar ães. 1995.

[6] FERREIRA, M.A.M.: Com por ta men to Trans e un te do Sis te ma  MG, Ap li caç ão em 
Prob le mas de Do en ça e de De sem pre go.In: Re vis ta de Es ta tís ti ca, INE, Vol. 3,
3.º Qu ad ri mes tre. Lis boa. 1996

[7] FERREIRA, M.A.M.: Ap li caç ão da Equ aç ão de Ri cat ti ao es tu do do Pe rí o do de
Ocu paç ão do Sis te ma MG. Re vis ta de Es ta tís ti ca, Vol. 1, INE. 1998.

[8] FERREIRA, M.A.M.(2003): Com por ta men to Trans e un te do Sis te ma MG com
Ori gem dos  Tem pos no Iní cio de um Pe rí o do de Ocu paç ão – Mé dia e Va riâ ncia .
In: VI Con gres so Ga le go de Es ta tís ti ca e In ves ti ga ción de Ope ra cións, Ac tas,
Vigo. Es pan ha. 5-7 de No vem bro, 2003.

[9] FERREIRA, M.A.M.(2003):  MG Sys tem Trans ient Be ha vio ur with Time Ori gin
at a Busy Pe riod Be gin ning In stant — Mean and Va rian ce.  9t h In ter na tio nal
Scien ti fic Con fe ren ce, qu an ti ta ti ve Met hods in Eco no my — Com pa ti bi li ty of Met -
ho do lo gys and Prac ti ce with the EU Con di tions,.Bra ti sla va, Slo vak Re pub lic. No -
vem ber 13-14, 2003. 

[10] ROSS, S.: Sto chas tic Pro ces ses . Wi ley. New York. 1983.
[11] STADJE, W.: The busy pe riod of qu e u e ing sys tems  MG. J.A.P.. 22 (1985),

697-704.
[12] TAKÁCS; L.: An in tro duc tion to Qu e u e ing The o ry. Ox ford Uni ver si ty Pre ss.

New York, 1962.

MANUEL ALBERTO M. FERREIRA
As so cia te Pro fes sor
ISCTE-Instituto Su pe rior de Cię ncias do Tra bal ho e da Em pre sa
De par ta men to de Mé to dos Qu an ti ta ti vos
Av. Das For ças Ar ma das, 1649-026 Lis boa, PORTUGAL
e-mail: vice.pre si den te@is cte.pt

M G| |∞ Queue Busy Cycle Renewal Function for some Particular Service Time Distributions 47



MODELING OF CONTRACTS IN SUPPLY
CHAIN MANAGEMENT

PETR FIALA

Ab stract Re cent ye ars have seen a gro wing in te re st among re se ar chers and prac ti -
tio ners in the field of sup ply cha in ma na ge ment. When one or more par -
ties of the sup ply cha in try to op ti mi ze the ir own pro fits, sys tem
per for man ce may be hurt. Sup ply cha in con tract is a co or di na tion me cha -
nism that pro vi des in cen ti ves to all of its mem bers so that the de cen tra li -
zed sup ply cha in be ha ves ne ar ly or exac tly the same as the in teg ra ted one.

Ke y words: sup ply cha in, con tracts, co or di na tion

1. INTRODUCTION

Sup ply chain is de fined as a sys tem of sup pli ers, man u fac tur ers, dis trib u tors, re -
tail ers and cus tom ers where ma te rial, fi nan cial and in for ma tion flows con nect par -
tic i pants in both di rec tions.

Sup ply chain man age ment is now seen as a gov ern ing el e ment in strat egy and as
an ef fec tive way of cre at ing value for cus tom ers. An in creas ing num ber of com pa -
nies in the world sub scribe to the idea that de vel op ing long-term co or di na tion and
co op er a tion can sig nif i cantly im prove the ef fec tive ness of sup ply chains and pro -
vide a way to en sure com pet i tive ad van tage. The ex pand ing im por tance of sup ply
chain in te gra tion pres ents a chal lenge to op er a tions re search to fo cus more at ten tion
on sup ply chain mod el ing.

Dou ble marginalization (Spengler, 1950) is a well-known cause of sup ply chain
in ef fi ciency. Dou ble marginalization prob lem oc curs when ever the sup ply chain’s
prof its are di vided among two or more firms and at least one of the firms in flu ences
de mand. Each firm only con sid ers its own profit mar gin and does not con sider the
sup ply chain’s mar gin.

De veloping strat e gies to de crease the risk faced by the re tailer is be com ing more
and more crit i cal in a sup ply chain, es pe cially in the global mar ket place where
firm-to-firm com pe ti tion is be ing re placed by sup ply-chain-to-supply-chain com pe -
ti tion. Among the so lu tions, sup ply chain con tracts, which have drawn much at ten -
tion from the re search ers re cently, are used to pro vide some in cen tives to ad just the
re la tion ship of sup ply chain part ners to co or di nate  the sup ply chain, i.e., the to tal
profit of the de cen tral ized sup ply chain is equal to that achieved un der a cen tral ized
sys tem. The for mat of sup ply chain con tracts var ies in and across in dus tries.



When the de mand is sto chas tic with the newsvendor model can be ap plied. The
newsvendor model is not com plex, but it is suf fi ciently rich to study three im por tant
ques tions in sup ply chain co or di na tion. 

1. Which con tracts co or di nate the sup ply chain? A con tract is said to co or di nate
the sup ply chain if the set of sup ply chain op ti mal ac tions is a Nash equi lib rium, i.e.,
no firm has a prof it able uni lat eral de vi a tion from the set of sup ply chain op ti mal ac -
tions. Ideally, the op ti mal ac tions should also be a unique Nash equi lib rium, oth er -
wise the firms may “co or di nate” on a sub-optimal set of ac tions. In the newsvendor
model the ac tion to co or di nate is the re tailer’s or der quan tity. 

2. Which con tracts have suf fi cient flex i bil ity to al low for any di vi sion of the sup -
ply chain’s profit among the firms? If a co or di nat ing con tract can al lo cate rents ar bi -
trarily, then there al ways ex ists a con tract that Pareto dom i nates a non-coordinating
con tract, i.e., each firm’s profit is no worse off and at least one firm is strictly better
off with the co or di nat ing con tract.

3. Which con tracts are worth adopt ing? Al though co or di na tion and flex i ble rent
al lo ca tion are de sir able fea tures, con tracts with those prop er ties tend to be costly to
ad min is ter. As a re sult, the con tract de signer may ac tu ally pre fer to of fer a sim ple
con tract even if that con tract does not op ti mize the sup ply chain’s per for mance. A
sim ple con tract is par tic u larly de sir able if the con tract’s ef fi ciency is high and if the
con tract de signer cap tures the sig nif i cant share of sup ply chain profit.

The aim of this pa per is to an a lyze and to com pare dif fer ent types of con tracts
and to seek for a gen eral frame work that syn the sizes ex ist ing re sults for a va ri ety of
sup ply chain con tract forms.

2. BASIC MODEL

We con sider a sup ply chain in one-period set ting in which a sup plier sells to a re -
tailer fac ing sto chas tic de mand from con sum ers. We as sume that sto chas tic de mand 
x has a con tin u ous dis tri bu tion F(x) that is in vert ible. The de mand dis tri bu tion and
cost in for ma tion are com mon knowl edge. We de fine the fol low ing quan ti ties: 
q retailer’s to tal or der qu an ti ty;
c supplier’s pro duc tion cost;
r re ta il pri ce;
s sal va ge va lue.

The set ting can be char ac ter ized as a newsvendor prob lem. 
Cen tral ized so lu tion
Cen tral ized so lu tion is a bench mark for the de cen tral ized sup ply chain. The cen -

tral ized chain is con sid ered as an in te grated firm that con trols man u fac tur ing and
sales to con sum ers. The profit of an in te grated firm for stock ing level q is

( ) ( ) ( ) ( )z q r c q r s F x dx
q

= ∫– – –
0

.
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The prob lem is con cave in q and the op ti mal so lu tion is given by 

q F r c
r s

0 1= −
−







− .

The max i mum sys tem profit z(q0) is com pletely de ter mined by the stock ing level
q0. De cen tral ized so lu tion can be im proved by con tract ing. The con tract co or di nates
the chain if it in duces the choice of the cen tral ized sys tem’s op ti mal stock ing level q0 .

3. WHOLESALE PRICE CONTRACTS

With a whole sale price con tract the sup plier charges the re tailer w per unit pur -
chased. The re tailer faces a prob lem anal o gous to that of the in te grated chain with
the same sal vage op por tu ni ties. The prin ci pal dif fer ence is that the re tailer must buy
stock at the whole sale price w  in stead of pro duc ing it at cost c .

The re tailer’s profit is

( ) ( ) ( ) ( )z q r w q r s F x dxR

q

= ∫– – –
0

.

The re tailer’s prob lem is con cave in q and the op ti mal so lu tion is given by

( )q w F
r w
r s

=
−
−









−1 .

The sup plier acts as a Stackelberg leader and an tic i pates how the re tailer will or -
der for any whole sale price. 

The sup plier an tic i pates a de mand curve q (w) and the profit

( ) ( ) ( ) ( )z w w c q w w c F r w
r s

s = = −
−









−– – 1 .

The sup plier knows ex actly what re tailer will or der at ev ery whole sale price and
bears no re spon si bil ity for the prod uct. All un cer tainty re gard ing sup ply prof its is
foisted onto the re tailer. The whole sale price con tract co or di nates the chain only if
the sup plier earns a non-positive profit. So the sup plier clearly pre fers a higher
whole sale price. As a re sult, the whole sale price con tract is gen er ally not con sid ered 
a co or di nat ing con tract. The richer con tracts dif fer from whole sale price con tracts
by al low ing the sup plier to as sume some of the risk aris ing from sto chas tic de mand.
As an ex am ple we in tro duce buy back con tracts.

4. BUY BACK CONTRACTS

With a buy back con tract (Pasternack, 1985) the sup plier charges the re tailer w
per unit pur chased, but pays the re tailer b per unit re main ing at the end of the sea son. 
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A re tailer should not profit from left over in ven tory, so as sume b ≤ w. There is as -
sumed that a re turns pol icy on the de cen tral ized chain in tro duces no ad di tional cost
be yond that in curred by the cen tral ized sys tem.

The re tailer’s profit is

( ) ( ) ( ) ( )z q r w q r b F x dxR

q

= ∫– – –
0

.

The re tailer still faces a newsvendor prob lem. The op ti mal so lu tion is

( )q w b F r w
r b

, = −
−









−1 .

No re turns or full re turns are suboptimal. An in ter me di ary pol icy re sults in chain
co or di na tion. The sup plier of fers a con tract (w(e), b(e)) for (ε∈ −0, r c  where

( ) ( )
( )

w r b r
r s

r c
ε ε ε

ε
= =

−
– , –

–
.

For all (ε ∈ −0, r c ,
r > w(e) >b(e) ≥ s and

( )
( )

r w

r b
r c
r s

–

–

ε

ε
= −

−
.

The re tailer or ders the in te grated chain quan tity

q(w(e), b(e)) = q0

and sys tem pro fit is equ al  to the in teg ra ted cha in pro fit z(q 0).
Re tailer’s profit is in creas ing in e

( ) ( )[ ] ( )z w b
r c

z qR ε ε ε, =
−

0 .

Sup plier’s profit is de creas ing in e

( ) ( )[ ] ( )z w b
r c

z qs ε ε
ε

, = −
−







1 0 .

5. OTHER TYPES OF CONTRACTS

Quan tity flex i bil ity con tracts de fine terms un der which the quan tity a re tailer
ul ti mately or ders from the man u fac turer may de vi ate from a pre vi ous plan ning es ti -
mate (Tsay, 1999 and Larievier,1999).Un like buy buck con tracts which fo cus on
flex i bil ity in ad just ing price, quan tity flex i bil ity con tracts fo cus on flex i bil ity in ad -
just ing or der ing quan tity. The ba sic idea is that when a re tailer places an ini tial or der 
q, the sup plier agrees to pro vide up to (1 + u)q units to the sys tem. At the same time
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the re tailer com mits to or der at least (1 – d)q units. Af ter ob serv ing the de mand for a
short pe riod, the re tailer can de cide to or der any quan tity be tween (1 – d)q and (1 +
u)q at the whole sale price w. Quan tity flex i bil ity con tracts can lead to a much more
profit of the de cen tral ized sup ply chain than that achieved with out the con tracts.

Backup agree ments (Eppen and Iyer, 1997) state that if a re tailer com mits to a
num ber of units for the sea son, the sup plier will hold back a frac tion of the com mit -
ment and the re tailer can or der up to this backup quan tity at the orig i nal pur chase
price af ter ob serv ing early de mand. A backup agree ment states that if the re tailer
com mits to a num ber of units for the sea son, the man u fac turer holds back a con stant
frac tion ? of the com mit ment q and de liv ers the re main ing units (1 - ?)q at the be gin -
ning of the sell ing sea son. Af ter ob serv ing early de mand, the re tailer can or der up to
this backup quan tity for the orig i nal pur chase cost and re ceive quick de liv ery but
will pay a pen alty cost p for any of the backup units it does not buy. 

Op tion con tracts  (Barnes-Schuster et al., 2002) spec ify that in ad di tion to a firm 
or der at a reg u lar price, the re tailer can also pur chase op tions at an op tion price at the 
be gin ning of the sell ing sea son. Af ter ob serv ing early de mand, the re tailer can
choose to ex er cise those op tions at an ex er cise price. The re tailer makes a firm or der
q at the be gin ning of the sell ing sea son at a whole sale price w. In ad di tion, he pur -
chases n op tions at an op tion price wo. In the sec ond pe riod, the re tailer may choose
to ex er cise op tions at an ex er cise price we. Op tions pro vide flex i bil ity to a re tailer to
re spond to mar ket changes in the sec ond pe riod quickly.

Price pro tec tion (Lee et al. 2000) states that the sup plier pays the re tailer a
credit ap ply ing to the re tailer’s un sold goods when the whole sale price drops dur ing
the life cy cle. The ba sic idea of the model is that the re tailer or ders q prod ucts from
the sup plier at the be gin ning of the first pe riod at a whole sale price w1 . At the be gin -
ning of the sec ond pe riod, the whole sale price of the same prod uct drops to w2 be -
cause of the in tro duc tion of new prod ucts. To share the risk of the re tailer, the
man u fac turer will pay a re bate credit b to the re tailer for all un sold in ven tory at the
end of the first pe riod. It is sim i lar to a buy back con tract, but look ing at the dy namic
op ti mal price pro tec tion pol icy when the prod uct in the mar kets faced with ob so les -
cence dur ing mul ti ple pe ri ods.

6. CONCLUSION

There is a vast lit er a ture on sup ply chain con tracts re cently. How ever, lit tle work
has been done on the re la tion ships of those sup ply chain con tract mod els. The anal y -
sis of the sim ple cases of con tracts gives rec om men da tions for more com plex real
prob lem. Real prob lems in sup ply chains are solved by joint prob lem solv ing in sup -
ply chain part ner ship. The part ner ship re la tions are based on sup ply con tracts.

The re search of a gen eral frame work that syn the sizes ex ist ing re sults for a va ri -
ety of sup ply chain con tract forms would be very de sir able. 
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A QUANTITATIVE APPROACH TO MUTUAL
DEBT COMPENSATION PROBLEM

VLADIMÍR GAZDA, STANISLAV PALÚCH

Ab stract The ar tic le de als with the prob lem of se con da ry fi nan cial  in sol ven cy. The
prob lem of mu tu al debt mi ni mi sa tion is for mu la ted as a ma xi mum  flow
prob lem in the debt dig raph. The ar tic le con si ders a prob lem of con trol led
re vi ta li za tion of the firms, too.  

1. INTRODUCTION

The mu tual debt com pen sa tion prob lem (MDC-P) was de scribed by Fecenko [4]
for the first time. He pro posed a so lu tion of the MDC-P as a cir cu la tion maxi mis ing.
He also pro posed a method of mu tual debt mini mi sa tion us ing cap i tal sub sid iar ies.
Gazda [5], [6] pro posed an al ter na tive method of this prob lem us ing sub sid iar ies
and in ves ti gated the al ter na tives of MDC-P with pos si bil ity of debt struc ture
changes.  

2. DEBT DIGRAPH 

Let { }V n= 1 2, , ... ,  be the set of firms in volved in the mu tual debt com pen sa tion
pro cess. Let  y ij

 be the debt which firm i owes to wards firm j. We as sume that 0 ≤ yij
and at least one of equa tions yij = 0, y ji = 0 holds. Con sider a cred i tor-debtor re la -
tion   E V V⊆ ×   de fined as fol lows:

( ){ }E i j yij= >, | 0 (1)

Let y E R: → +  be a pos i tive real value func tion of the debt level of each cred i tor - 
debtor pair  ( )i j E, ∈ . That means 

( )y e yij=    for eve ry e E∈ ,  whe re ( )e i j= , (2)

The debt di graph is the weighted di rected graph ( )G V E y= , , . As sign

( ){ } ( ){ }I j j V j i E I j j V i j Ei i
+ −= ∈ ∈ = ∈ ∈| , , , | , , . (3)

I
i
+  is the set of cred i tors of the firm i, I

i
−   is the set of debt ors of the firm i.

The  bal ance b(i) of each firm i is 

( )b i y yji

j I

ij

j Ii i

=
∈ ∈+ −
∑ ∑– . (4)



The first sum y ji
j I i∈ +
∑  in (4) rep re sents re ceiv ables of the i-th firm and  the sec ond

sum  yij
j I i∈ −
∑  in (4) are payables (or debts) of the firm i.

Lets de note

( ) ( ){ } ( ) ( ){ }b i b i b i b i+ −= = −max , , max ,0 0 (5) 

Since yij = 0 for ( )i j E, ∉ , it holds y ji
j V I i∈

+
∑ =

–

0  and hence

y y y yji
j

n

ji
j V

ji
j V I

ji
j Ii i

= + =
= ∈ ∈ − ∈
∑ ∑ ∑ ∑

+ +1

(6)

For the same rea son we can write

y y yij
j

n

ij
j V

i j
j Ii

= =
= ∈ ∈

∑ ∑ ∑
−1

(7)

Since

( )b i y y y
j

n

ji
j I

ij
j Ij

n

ji
j

n

i
i i

= ∈ ∈= =
∑ ∑ ∑∑ ∑= −











 =

− +1 1 1= ==
∑ ∑∑− =

1 11

0
n

ij
j

n

i

n

y (8)

we have

( )b i
j

n

=
∑ =

1
0 (9)

The sum

Y =
==
∑∑ yij
j

n

i

n

11

(10)

is cal led the to tal debt in debt dig raph ( )G V E y= , , . Two mu tu al debt com pen sa -
tion prob lems can be for mu la ted:

1. To min i mize the to tal debt Y by mu tual debt com pen sa tion with out any sub -
sid iary.

2. To min i mize the to tal debt Y with the given amount C of sub sid iary.
Let’s have a cy cle c   in

( ) ( ) ( )G V E y v v v v v v v vk k k k= = … − −, , , , , , , , , ,c 1 1 2 2 1 1 (11)

with ca pa ci ty

( ) ( ){ }y y e e cc = ∈min | (12)

Pres ence of a cy cle (11) with ca pac ity (12) in di graph G  means the ex is tence of 
mu tual debt cy cle in the cor re spond ing firm struc ture. In such a sit u a tion we can
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sim plify the cred i tor - debtor re la tion by sub tract ing the cy cle ca pac ity y(c) from  the 
weight y(e) for all edges e∈ c:

y e y e y c( ): ( ) ( )= −      for all ed ges e ∈c. (13)

The re sult of this op er a tion is the re duc tion of the to tal debt in the di graph. At 
least one edge in cy cle c gets a new weight y(e) equal to zero. Then, the cred i tor –
debtor pair rep re sented by the edge with zero weight is re moved from the di graph 

( )G V E y= , , . By re peat ing this op er a tion we can dis card all cy cles in debt di graph
– af ter the elim i na tion of all cy cles  the di graph be comes acy clic.

As it is shown in Figure 1  it is ob vi ous that the or der of cy cle elim i na tion in di -
graph ( )G V E y= , ,  is de ci sive for maxi mis ing the to tal debt. If we take the cy cle 1,
(1,2), 2, (2,7), 7, (7,8), 8, (8,1), 1 with ca pac ity 10, we  can lower the to tal  debt in the 
graph by 40 units.  On con trary, if we choose the cy cle 1, (1,2), 2, (2,3), 3, (3,4), 4,
(4,5), 5, (5,6), 6, (6,7), 7, (7,8), 8, (8,1), 1 with the same ca pac ity of 10 units, we can
elim i nate 80 debt units. In both cases the debt elim i na tion leads to the cy cle elim i na -
tion – we get an acy clic di graph.

Let us de note the re sid ual debt af ter cy cle elim i na tion as xij . The  to tal re sid ual
debt can be ex pressed as

( )f x ij
j

n

i

n

X =
==
∑∑

11

(14)

Since xij  rep re sents re sid ual debts af ter the cy cle elim i na tion the fol low ing re la -
tion must hold  

0 ≤ ≤x yij ij (15)

The cy cle elim i na tion must not worsen nor make better the fi nan cial sit u a tion of
each sub ject par tic i pat ing in mu tual debt com pen sa tion. Hence the bal ance ( )b i   de -
fined in (4) of each firm i V∈  must not be in flu enced by mu tual debt com pen sa tion, 
hence for ev ery i V∈  the fol low ing equa tion must hold:

( )x x y y b ij i
j

n

i j
j

n

ji
j

n

ij
j

n

= = = =
∑ ∑ ∑ ∑− = − =

1 1 1 1

(16)
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The prob lem 1. of mu tual debt minimization can be ex pressed as fol lows:  To
min i mize ob jec tive func tion (14) sub ject to (15)) and (16).

Re mark: From (15) it fol lows  that y
ij

= 0 im plies x
ij

=0. Hen ce  the to tal debt mi ni -
mi za tion does not cre a te a new cre di tor – deb tor pair. This fact can be con si de red as 
a good pro per ty of the pro po sed mo del. 

3. MUTUAL DEBT COMPENSATION
AS A MAX-FLOW-MIN-COST PROBLEM

Let ( )G V E y= , ,  be a debt di graph, let’s de note

( ){ } ( ){ } ( ){ }V i i V b i V i i V b i V i i V b i+ −= ∈ > = ∈ = = ∈ <| , , | , , | ,0 0 00       (17)

The sets V + , V 0 , V −  pairwise dis junc tive and V V V V+ −∪ ∪ =0 . Let  z , u be
two el e ments, z V∉ , u V∉ .  We de fine a new weighted di graph  ( )G V E y= , ,  as

fol lows:

{ } ( ){ } ( ){ }V V z u E E z i i V i z i V= ∪ = ∪ ∈ ∪ ∈ +, , , | , |–
(18)

( )
( )
( ) ( )
( ) ( )

y e

y e e E

b i e z i i V

b i e i u i V

=

∈

= ∈

= ∈

+ −

− +

if

if , ,

if , ,

where

where










(19)

We can ex tend the ma trix  { }y
ij i j V, ∈

 to the ma trix { }y
ij i j V, ∈

 ac cord ing to (19):

( ) ( )
( )

y
y e e i j E

e i j E
ij =

= ∈

= ∉







if ,

if ,0
(20)

By def i ni tions (19) and (20) is y y y yzz zu uz uu= = = = 0,  ( )y b izi = –  for i V∈ −

anbd ( )y b iiu = +  for i V∈ + . For i V∈  and j V∈  is y yij ij= . Then the equa tion (4)

can be re writ ten us ing (7) and just men tioned facts as fol lows

( ) ( ) ( )b i b i b i y y y y y yiu zi ji
j V

ij
j V

ji
j V

ij
j V

= − = = − = −+ −

∈ ∈ ∈ ∈
∑ ∑ ∑ ∑–

from what we get

{ } { }
0 = − + = − =

∈ ∈ ∈ ∪ ∈ ∪
∑ ∑ ∑ ∑y y y y y y yji
j V

ij
j V

iu zi ji
j V z

ij
j V u

ji
j

–
∈ ∈
∑ ∑−

V
ij

j V
y ,

and hen ce

y yji
j V

ij
j V∈ ∈

∑ ∑= (21)
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Con di tions (21), (22) to gether with in equal ity 0≤ y
ij

  mean that the func tion 
y E R: →  rep re sents a flow in the net work ( )G V Y y= , ,  with the source z and the

sink u . The mag ni tude of flow y is equal to any sum in (22).
Let pos i tive num bers x ij  for i n j n= =1 2 1 2, ,... , , , , ... ,  be re sid ual debts af ter cy -

clic elim i na tion.  Then, sim i larly to (20), we can ex tend def i ni tion or the ma trix 
{ }xij  for z, u and for i n=1 2, , ..., :

( ) ( )x x x x x b i x b izz zu uz uu z i iu= = = = = = +0, –
(23)

Con di tion (16) (the re quire ment that the bal ance of each firm re mains un -
changed) can be writ ten  in the form:

x x i nij
j V

ji
j V∈ ∈

∑ ∑= =for , , ...,1 2 (24)

The re la tion (9) can be writ ten as fol lows:

x xzi
i

n

i u
i

n

= =
∑ ∑=

1 1

(25)

Finaly we add the above ex plained con straint

0 ≤ ≤x yij ij  for eve ry i V∈  and for eve ry j V∈ . (26)

Con di tions  (24), (25), (26) con clude that { }X=
∈

x ij i j V,
 is a flow in the net work 

( )G V E y= , ,  where y E R: →  is the edge ca pac ity de fined on E . More over the flow 

mag ni tude of  X  is equal to (22).  It is easy seen that (22) is also the mag ni tude of the
max i mum flow in net work ( )G V E y= , , .  So the prob lem of  the to tal debt

minimization can be for mu lated as the fol low ing graph the ory prob lem: To find

a max i mum flow { }X =
∈

xij i j V,
 with min i mum cost ( )f X x ij

j

n

i

n

=
==

∑∑
11

 in the net -

work ( )G V E y= , , .

4. REVITALISATION

Cy clic debt elim i na tion does not change bal ance of any firm. If we want to im -
prove our al go rithm to lower the to tal  debt (14) we must add fi nan cial sub sid iary to
the sys tem. This is some times called the revitalisation of the firm by pay ment of its
payables.

Let us choose firm i V∈  with the neg a tive bal ance ( )b i . Then ( )b i+ =0 and 

( ) ( )b i b i– =− . We as sume that mu tual debt com pen sa tion or gan iser pro vides an
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amout of ( )b i−  to the i-th firm. This en ables pay ing its debts. Then, the to tal amount

of mu tual debts given by (14) can be de creased by the se quence of pay ments con -
trolled by mu tual debt or gan iser.

At first, let us in ves ti gate the prob lem of the to tal debt mini mi sa tion by pay ing all 
debts of the i-th firm. Let us con struct the di graph ( )G V E yi i= , ,  where

( )
( ) ( )

( )
y e

y e e E e i u

e i u
i

i
=

∈ ≠

=







if , ,

if ,0
 (27)

To min i mize the to tal debt by pay ing all debts of the firm i means to find a max i -
mum flow { }X =

∈
x ij i j V,

 with min i mum cost in the net work ( )G V E yi i= , , . As -

sign ( )r i  the dif fer ence be tween orig i nal to tal debt and to tal debt af ter the just
de scribed revitalisation pro ce dure. We are look ing for a firm revitalisation of which
re sults in min i mum to tal debt – i.e. for i with max i mum ( )r i . Other ob jec tives can

be used, too, for ex am ple max i mi za tion of  ra tio 
( )
( )

r i

b i–
. 

An other ap proach is the fol low ing. We can put C money units into the sys tem
with ob jec tives to min i mize the to tal debt. This prob lems can be solved in di graph 

( )G V E y= , ,  where 

{ } ( ){ }V V Z E E Z z= ∪ = ∪, , ,  and ( )
( )

( ) ( )
y e

y e e E

b i C e Z z
i

n=
∈

=









=
∑

if

– if ,–

1

 .

The prob lem to  min i mize the to tal debt by putt ing C  money units into sys tem
can be re duced to max–flow–min–cost prob lem in di graph ( )G V E y= , , .
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LOCAL LABOUR MARKETS CLASSIFICATION IN 
THE MORAVIA-SILESIAN REGION1

JANA HANČLOVÁ, JIŘÍ HORÁK, MILAN ŠIMEK

Ab stract The em pi ri cal ana ly sis is de vo ted to the lo cal la bo ur mar kets in the
Moravia-Silesian re gion du ring pe riod 1995-2002. The pre sen ted re sults
do cu ment the po ssi bi li ties how to use vice-dimensional clas si fi ca tion met -
hods for the lo cal la bo ur mar ket eva lu a tion using dy na mic and spa tial GIS 
sta tis tics. The eva lu a tion and clas si fi ca tion of the lo cal la bo ur mar kets
pro ce ed via fac tor and clus ter ana ly ses. The sta bi li ty of the
vice-dimensional eva lu a tion in a cer ta in time pe riod is in ves ti ga ted as well. 
The pa per uses in for ma tion pro vi ded by the de par tments of sta tis tics of
job cen tres in the Czech Re pub lic.

1. INTRODUCTION

Tra di tional eval u a tion of the sit u a tion and de vel op ment of the la bour
mar ket just on the ba sis of the un em ploy ment rate does not show well enough the
dif fer ent sit u a tion in dif fer ent re gions. The sit u a tion at the la bour mar ket should be
de scribed more com pre hen sively with re gard to a num ber of fac tors af fect ing this
sit u a tion both from the per spec tive of the la bour sup ply and de mand and from the
per spec tive of the en vi ron ment (among oth ers also the geo graph ical in flu ences).
The tar get of the pa per is the eval u a tion of 302 se lected lo cal la bour mar kets in mu -
nic i pal i ties of the Moravia-Silesian re gion in the pe riod from 1995 to 2002 on the
ba sis of 5 se lected in di ca tors from so called GIS sta tis tics of job cen tres by means of
ex tracted fac tors. The eval u a tion was done by means of hi er ar chi cal for ma tion of 7
ag glom er ates.

The struc ture of the pa per is adapted to the men tioned tar get. The first
part informs the reader about the char ac ter is tics of the se lected lo cal la bour mar kets
by means of the mon i tored in di ca tors from GIS sta tis tics in clud ing the time de vel -
op ment.  An other part deals with the ap pli ca tion of the fac tor anal y sis for ex trac tion
of la tent fac tors which fol low im por tant fea tures of the orig i nal set of in di ca tors.
The most im por tant is the third part which clas si fies the men tioned lo cal la bour mar -
kets into 7 ag glom er ates on the ba sis of (un)sim i lar ity. The clas si fi ca tion is dy namic 

1 The pa per is the out co me of the re se arch grant n. 402/02/0855 "La bo ur mar ket mo del ling using of
geo-information tech no lo gies" fun ded by Grant Agen cy of the Czech Re pub lic.



and spa tial. The fi nal eval u a tion sum ma rises pos i tive as well as neg a tive re sults re -
lated to the pro posed method of lo cal la bour mar kets clas si fi ca tion and pos si bil i ties
of fur ther con cen tra tion of re search or em pir i cal ac tiv i ties.

The use of multivariational meth ods for spa tial anal y ses con sists
above all in (Bailey, Gatrell 1995):

1) The re duc tion of quan tity of data and re search of mul ti di men sional at trib u tive
space with the aim to indetify the small num ber of in ter est ing subdimensions
(or the com bi na tion of at trib utes) which can then be ex am ined from the spa tial
point of view (the use of clas sic multivariational meth ods fol lowed by the visu -
ali sa tion of re sults and their in ter pre ta tion).

2) The re search of spa tial tex tures (pat terns) and re la tions.
3) The spa tial clas si fi ca tion and dis crim i na tion.

The method of min i mum span ning tree  be longs to hi er ar chi cal
agglomerative meth ods as well. The span ning tree con sists of the sys tem of lines
(edges, ac cord ing to the the ory of graphs) among all ob ser va tions which con nect
each ob ser va tion (junc tion) with any other one and, at the same time, with out any
loops in the net work (con nected and acy clic graphs are the re quire ment of the the ory 
of graphs on the struc ture of a tree type). The length of a line ex presses unsimilarity
of both con nected ob ser va tions. The min i mum span ning tree is the tree of men -
tioned con di tions with the min i mum length. Bailey, Gatrell (1995) de scribe the spa -
tial ap pli ca tion of this method when they pre sume that the set of ex am ined ob jects
has got the spa tial lo cal isa tion and they rec om mend to rep re sent the cre ated graph
(the min i mum span ning tree) on the map to be able to prove the hy poth e sis that the
ob ser va tions which are close in the at trib u tive space are also close in the geo graph -
ical space and to in di cate the re spec tive de vi a tions. How ever, the stated method is
also used to de fine a part of the graph (for ex am ple, the street net work) which is
avail able within the de fined limit (time, dis tance). Prac ti cal ap pli ca tions for this
pur pose have been de scribed, for ex am ple, by You-Hong (1996).

2. THE CHAR AC TER IS TICS OF THE ANA LYSED TER RI TORY
AND DESCRIPTORS

The in ves ti gated area is the area of Moravia-Silesian re gion.
Moravia-Silesian re gion in cludes the dis tricts of Bruntal, Frydek-Mistek, Karvina,
Novy Jicin, Opava and Ostrava-city. See  Fig ure 1.This ter ri to rial unit is di ver si fied
by its na ture and in the core there is Ostrava-Karvina ag glom er a tion. It is a tra di -
tional in dus trial area with a high share of so called "heavy" in dus try, par tic u larly
coal and met al lurgy in dus try, heavy en gi neer ing and chem is try. The en gi neer ing
and phar ma ceu ti cal in dus tries, electrotechnic, pa per-mill, tex tile and
food-processing in dus tries are the other im por tant branches of industryin the re gion.  
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Ag ri cul ture is de vel oped in the whole area and  the for estry can be found in the foot
of  Beskydy and Jeseniky moun tains. 

Since 1990 great restructuralisation has been run ning in the re gion to -
gether with mak ing re dun dant  thou sands of em ploy ees. The re gion is one of the
most af fected in the re pub lic. The typ i cal fea ture is a fierce in hi bi tion of the heavy
in dus try and per ma nent in creas ing un em ploy ment. The rate of un em ploy ment was
17.6% un til Jan u ary 31, 2004.

Fig ure 1: Lo ca tion of the Moravia - Silesian re gion in the Czech Re pub lic

For the anal y sis the five char ac ter is tics have been cho sen based on an ex -
pert es ti ma tion that in flu ence the sit u a tion at lo cal la bour mar ket. The in di ca tors fol -
lows:
l rate of un em ploy ment - in di ca tor MN,
l share of un em ployed be tween 15 - 24 years old on a to tal num ber of un em -

ployed - in di ca tor PC15-24_U,
l share of un em ployed older than 50 years on a to tal num ber of un em ployed - in -

di ca tor PC50-99_U, 
l share of un em ployed with pri mary ed u ca tion level on a to tal num ber of un em -

ployed - in di ca tor PCVABC_U,
l share of long-term un em ployed (more than 1 year) on to tal num ber of un em -

ployed - in di ca tor PCE_12U. 
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Rate of un em ploy ment is one of the key in di ca tors for the eval u a tion  of the
la bour mar ket trou bles at mac ro eco nomic, re gional and lo cal lev els.
Moravia-Silesian re gion be longs to the ter ri to ries with the very high val ues of the
in di ca tor in the long-run. In the ana lysed pe riod the in di ca tor in creased sig nif i -
cantly.

Fig ure 2:  Un em ploy ment rate in % in mu nic i pal i ties of the Moravia-Silesian re gion from
1995 to 2002 

The share of job ap pli cants 15-24 years old on to tal num ber of job
ap pli cants in %. This in di ca tor ex presses the share of the young pro por tion  of the
eco nomic ac tive pop u la tion on to tal amount of the reg is tered job ap pli cants. A typ i -
cal fea ture is a high dif fer en ti a tion of these val ues in  mu nic i pal i ties in the long-run. 

The share of job ap pli cants older than 50 years on to tal num ber of
job ap pli cants in % was very sta bile in the be gin ning of the ana lysed pe riod. More
sig nif i cant in crease for this group of job ap pli cants has hap pened dur ing 2000-2002. 
There are im por tant dif fer ences within the re gion. For ex am ple, in Karvina dis trict
rel a tively fa vour able de vel op ment could be in flu enced by a real so cial pol icy of the
big firms aimed at dis missed peo ple and by the ac com pa nied so cial programmes.  

 Fig ure  3: The share of job ap pli cants 15-24 years old on to tal num ber of job ap pli cants in
% in mu nic i pal i ties of the Moravia-Silesian re gion from 1995 to 2002 
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Fig ure  4: The share of job ap pli cants older than 50 years on to tal num ber of job ap pli cants
in % in mu nic i pal i ties of the Moravia-Silesian re gion from 1995 to 2002

The share of job ap pli cants who reached pri mary level ed u ca tion on
to tal num ber of job ap pli cants in %  ex presses the rep re sen ta tion of non-qualified
la bour force in the ter ri tory. Job ap pli cants who reached pri mary level ed u ca tion
only rep re sents the share of 30% on to tal amount of job ap pli cants in the long-run.
This in di ca tor de clined slightly in the ana lysed pe riod. 

Fig ure  5: The share of job ap pli cants who reached pri mary level ed u ca tion on to tal num ber
of job ap pli cants in % in mu nic i pal i ties of the Moravia-Silesian re gion from 1995 to 2002.

The share of job ap pli cants reg is tered more than 12 months on to tal
num ber of job ap pli cants in % reaches the value about 40% in 2002. The very sig -
nif i cant in crease of these val ues is ap par ent par tic u larly dur ing pe riod 1999-2000.
The high value in di cates se ri ous long-run trou bles at la bour mar ket in the area. 
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Fig ure 6: The share of job ap pli cants reg is tered more than 12 months on to tal num ber of job
ap pli cants in % in mu nic i pal i ties of the Moravia-Silesian re gion from 1995 to 2002.

3. FAC TOR ANAL Y SIS OF THE SE LECTED IN DI CA TORS

Five ba sic in di ca tors of the lo cal la bour mar kets have been de scribed in
the pre vi ous part of the pa per. They have been cal cu lated as an av er age of monthly
val ues  for each year of the ana lysed pe riod. This chap ter is de voted  to the ex plo ra -
tion in di ca tor anal y sis. Based on its mu tual cor re la tion we put these de ter mi nants to -
gether  to so called  la tent fac tors, that can be in ter preted ob jec tively and they
ex press sub stan tial fea tures of the lo cal la bour mar kets. These ex tracted fac tors will
clas sify the lo cal la bour mar kets in the fol low ing part.

The fac tor anal y sis had fol low ing phases:
l the es ti ma tion of cor re la tion ma trix,
l the es ti ma tion of fac tor load co ef fi cients us ing the method of ba sic com po nents
l the ro ta tion of the fac tors for better in ter pre ta tion us ing method VARIMAX,
l the es ti ma tion and us ing of the fac tor scores for set ting up the pro file of the lo -

cal la bour mar kets of mu nic i pal i ties. 

Be fore start ing  the fac tor anal y sis the se lected in di ca tors were sorted ac -
cord ing to the col umns and per each year and in di vid ual mu nic i pal i ties were sorted
ac cord ing to the lines. In put data ma trix of in di ca tors in cluded stand ard ised data ac -
cord ing to the in di vid ual in di ca tors.

The re sult of the fac tor anal y sis for the whole ob served pe riod from
1995 to 2002 was the ex trac tion of the two fac tors (see Ta ble 1), which could be in -
ter preted, and the pro por tion of the spread of in di ca tors ex plained by these fac tors
was at the sat is fac tory level 68%. 

The fac tor F1 shows the prob lems of the gen eral global la bour sup ply
and de mand (i.e. the un em ploy ment rate and the prob lems with a long-term un em -
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ploy ment). The fac tor F2 in cludes the prob lems on the side of the la bour sup ply
struc ture (high per cent age of the young or el derly un em ployed). 

Component

1 2

Zscore(MN) ,829

Zscore(PCVABC) ,790

Zscore(PCE12) ,727

Zscore(PC50-99) ,911

Zscore(PC15-24) –,670

Ta ble 1: Ro tated com po nent ma trix

4. LO CAL LA BOUR MAR KETS CLAS SI FI CA TION IN 1995-2002

Lo cal la bour mar kets clas si fi ca tion in the Moravia-Silesian re gion was
based on the con cept of ho mo ge ne ity, i.e. search ing for lo cal la bour mar kets with
the high de gree of mu tual uni for mity ac cord ing to two ex tracted la tent fac tors.

Again, the clas si fi ca tion co mes out from stan dard ized val ues by means
of the Z-score and the Pearson´s cor re la tion co ef fi cient was cho sen as the sim i lar ity
rate. The method of the hi er ar chi cal ag glom er a tion us ing nat u ral ag glom er ates cen -
troids to search for ag glom er ates was cho sen for the cross-sectional clas si fi ca tion of
lo cal la bour mar kets and dur ing ag gre ga tion av er age dis tances of groups of cou ples
of points among ag gre gates are eval u ated. The main dis ad van tage of this clas si fi ca -
tion method is marginalisation of space re la tions in clud ing the ar range ment of hi er -
ar chi cal cen tres.

The fol low ing Fig ure 7 pres ents the de vel op ment of  seven clus ters in
1995-2002. It is ob vi ous, the fig ure and above men tioned pro cess are based on  the
es ti ma tions of la tent fac tors that could be in ter preted ob jec tively dur ing the whole
pe riod. The gen er ated clus ters are  formed in the in di vid ual years and they need not
to be com pa ra ble for the lo cal la bour mar ket ac cord ing to the clus ter value in time
pe riod. 
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Fig ure 7 : The de vel op ment of  seven clus ters in 1995-2002.

The fol low ing fig ure shows the re sults of the clas si fi ca tion into 7 clus -
ters  for all mu nic i pal i ties in 1995.

 Fig ure 8: Clas si fi ca tion of lo cal la bour mar kets in 1995
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From the point of view of the al lo ca tion of the lo cal la bour mar kets to the
clus ters the re ceived re sults for 1995 in di cate sev eral prob lem ar eas. These are,
above all, pe riph eral ar eas of the re gion with the lim ited num ber of em ploy ers and
bad ac ces si bil ity from the point of view of the la bour mo bil ity, with the ex cep tion of
the dis trict of Karvina which suf fered from the sig nif i cant de cline of min ing in dus -
try.

5. CON CLU SION

The aim of this pa per was the eval u a tion of 302 se lected lo cal la bour mar -
kets of the Moravia-Silesian re gion in 1995-2002 us ing the in di ca tors of job of fices
sta tis tics.

The fac tor anal y sis re sulted in 2 ex tracted fac tors ex press ing sig nif i -
cant fea tures of the orig i nal in di ca tors. The fac tor F1 in cluded global la bour sup ply
and de mand prob lems. The fac tor F2 ex pressed prob lems on the side of the la bour
sup ply struc ture. 

For the cross-sectional clas si fi ca tion in in di vid ual years 1995-2002 the
method of the hi er ar chi cal ag glom er a tion into 7 lev els was used. The re sults showed 
that the clas si fi ca tion of the lo cal la bour mar kets is strongly sen si tive to the lo ca tion
as well as changes of the ex tracted fac tors. The sta bil ity of the as signed clas si fi ca -
tion level of a mu nic i pal ity in an eight-year ex am ined pe riod was eval u ated as well. 

Fur ther re sults of this em pir i cal study re ferred to sig nif i cant prob lems of
lo cal la bour mar kets at the level of mu nic i pal i ties with the small num ber of eco -
nomic ac tive in hab it ants where there are sig nif i cant changes of the ana lysed in di ca -
tors. Marginalisation of fur ther spa tial re la tions among lo cal la bour mar kets af fects
the ob tained re sults as well.

A num ber of spa tial ap pli ca tions may re quire the cre ated clus ters to be
spa tially con nected, i.e. clus ters from geo graph i cally close ob jects were cre ated.
Tra di tional multivariational meth ods do not take note of this re quire ment. The eas i -
est way is to clas sify the co or di nates of ob jects into a set of ob ser va tions as an other
two new vari ables, how ever,  it is ob vi ous that the optimalisation of the dis tance
along both co or di nate axes will to a cer tain ex tent go on in de pend ently (this may be
solved by an in tro duc tion of an spa tial in dex ation) and on the whole, of course, the
co or di nates are placed at the same level with other at trib utes and there fore it is not
en sured that geo graph i cally ho mo ge neous clus ters will be formed. More ad van ta -
geous pos si bil ity is the mod i fi ca tion of the al go rithm of the ag glom er ates for ma tion
with re spect to spa tial re la tions. For a lot of cases - e.g. ad min is tra tive di vi sion of the 
area - we can re quire the ar eas joined into one clus ter to neigh bour. An of fer to use a
neigh bour hood ma trix is ap par ent. It con tains in for ma tion con cern ing neigh bour -
hood among the in di vid ual pairs of ar eas. When us ing the ag glom er ate method for
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the cre ation of clus ters  we can join only those ar eas to the clus ter that are  neigh -
bour ing with an other  area al ready be ing in volved in the clus ter. 

Fur ther in ves ti ga tion will fo cus on the in di ca tors in clud ing la bour mo bil -
ity. La bour mar kets will not be in ves ti gated in iso la tion. 

We can sum up that the em pir i cal study un der lined the el i gi bil ity of the
pro cess for la bour mar ket clas si fi ca tion and set ting their rate of crit i cism in pe riod
1995-2002. The ac quired re sults and im per fec tions will be re spected in fu ture in ves -
ti ga tions.
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WASSERSTEIN METRICS AND EMPIRICAL
DISTRIBUTIONS IN STABILITY OF

STOCHASTIC PROGRAMS 1

MICHAL HOUDA

Ab stract Prac ti cal eco no mic prob lems of ten ask for op ti mi za tion pro ce du res, not
un fre qu en tly with ran dom in puts le a ding thus to sto chas tic prog ra mming
mo dels. The ran dom ness is mo del led thro ugh the un der ly ing pro ba bi li ty
dis tri bu tion, which is as su med to be com ple te ly known. But the “true”
pro ba bi li ty dis tri bu tion is ra re ly ful ly known; in ste ad, ap pro xi ma tion or es -
ti ma tes are used. Some kind of sta bi li ty of op ti mal va lu es and op ti mal so -
lu tion sets with res pect to chan ges in the pro ba bi li ty dis tri bu tion is then
re qu i red.  This pa per il lus tra tes how a par ti cu lar dis tan ce – Was ser ste in
met rics, me a su ring a dis tan ce bet we en two pro ba bi li ty dis tri bu tion – af -
fects the sta bi li ty of sto chas tic op ti mi za tion prob lems. Nu me ri cal exam -
ples for a cho i ce of dis tri bu tions and the ir em pi ri cal es ti ma tes are gi ven.

1. INTRODUCTION

Sto chas tic pro gram ming spe cial izes in prob lems where the un cer tainty of in put
pa ram e ters has to be taken into ac count. Usually, the ran dom ness is in tro duced to
the model via prob a bil ity dis tri bu tion of the ran dom vari able. In such mod els, a full
knowl edge of the dis tri bu tion is re quired. But in prac tice, its es ti mates and ap prox i -
ma tions have to be ap plied in stead, due to mod el ling and nu mer i cal dif fi cul ties; for
ex am ple, if the dis tri bu tion for some in put ran dom pa ram e ter can be only es ti mated
from a his tor i cal data se ries.

In a sto chas tic pro gram ming model, when re plac ing the orig i nal dis tri bu tion
with its ap prox i ma tion or es ti mate, one have to be cau tious about re sult ing changes
in op ti mal value and/or in op ti mal so lu tion to the prob lem. We speaks about the sta -
bil ity anal y sis of sto chas tic pro grams with re spect to changes in the un der ly ing
prob a bil ity mea sure. Apart from other things, the sta bil ity anal y sis in tro duce an -
other non-trivial task – to choose a suit able dis tance on the space of prob a bil ity mea -
sures. A great at ten tion has al ready been paid to this area in the lit er a ture, see
e. g. [1], [2], [4], [5], [12], [13], etc. It turns out again that the prob lem is closely re -
lated to the prop er ties of the orig i nal model and can not be treated sep a rately from it.

1 *  This research was supported by the Grant Agency of the Czech Republic under Grant 402/01/0539.



Refering to re cent re sults in the sta bil ity of sto chas tic pro grams (see e. g. [10]),
we con sider the Wasserstein met rics in the re main der of the pa per — it is a con ve -
nient dis tance in many cases (see also Sec tion 3). Let ( )Ρ Θ  be the space of all Borel
prob a bil ity mea sures on some Borel set Θ ⊂ Rs  and de note

( ) ( ) ( )Ρ Θ Ρ Θ
Θ

1 : := ∈ < +∞








∫υ ξ υ ξd

the set of pro ba bi li ty me a su res ha ving fi ni te first mo ment. Let ( )µ, υ∈Ρ Θ1 . The
1-Was ser ste in met rics is then de fi ned by

( )
( )

( )W d d
D

1 µ υ ξ ξ η ξ ξ
η µ υ

, : inf
,

= − ×
∈

×
∫

Θ Θ

,

whe re ( )D µ υ,  is the set of all pro ba bi li ty me a su res (of ( )Ρ Θ Θ× ), for which µ and  
υ are mar gi nal dis tri bu tions. The prac ti cal di men sion of the met rics ap pe ars when
de a ling with one-di men sional ran dom vari ables; then the Wasserstein met rics reads
(see [15])

( ) ( ) ( )W F t G t dt1 µ υ, = −
−∞

+∞

∫ (1)

whe re F and G are dis tri bu tion fun ctions cor res pon ding to the pro ba bi li ty me a su res 
µ and υ. In the lat ter case, the met rics co in ci des with the Fortet-Mourier met rics, clo -
se ly re la ted to a more ge ne ral con cept of dis tan ces ha ving ζ -structure. For de tails,
we re fer to the pa pers [1], [10], and the book [9]. The main di sa bi li ty of the Was ser -
ste in dis tan ce is re cog ni zed whi le de a ling with dis tri bu tions ha ving he a vy ta ils (see
[6]).

At the end of the pa per, we con sider the em pir i cal dis tri bu tion as the se lected ap -
prox i ma tion method. The one-dimensional em pir i cal dis tri bu tion func tion,  based
on the sam ple of i. i. d. ran dom vari ables ξ ξ1 2, ,… with com mon dis tri bu tion func -
tion F, is de fined by

( ) ( ) ( ] ( )( )F z F z
n

I z Rn n z
i

n

i= = ∈− ∞
=
∑, ,;ω ξ ω

1
1

(2)

where I A  de notes the in di ca tor func tion of the set A. It is well known that the se -
quence of em pir i cal dis tri bu tion func tions con verges al most surely to the
distribution function F un der rat her ge ne ral con di tions.

2. PROBLEM FORMULATION

For ( )µ∈Ρ Θ  (rep re sent ing un known orig i nal dis tri bu tion) con sider a gen eral
de ci sion prob lem

( ) ( )inf ;
x R n

g x d
∈ ∫

Θ

ξ µ ξ  sub ject to ( ){ }µ ξ ξ∈ ∈ ≥Θ : x X p0 (3)
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whe re only ge ne ral con di tions on g and X are as su med:
G R R R X R Rn s S n: , :× → ⇒   are both me a su rab les, and [ ]p0 0 1∈ ;  is a pre scri bed 

pro ba bi li ty le vel. Re co ur se prob lems and prob lems with pro ba bi lis tic con stra ints
are spe cial ca ses of (3). De no te ( )ϕ µ  the op ti mal va lue and ( )ψ µ  the op ti mal so lu -
tion set to the prob lem (3).

In (3), we con sider some es ti mate ( )υ∈ Ρ Θ  (e. g. an em pir i cal dis tri bu tion de -
fined by (2)) in stead of µ. The next sec tion re calls some Lipschitz and Hölder sta bil -
ity prop er ties of ( )ϕ ⋅  and ( )ψ ⋅  with re spect to the Wasserstein met rics. It deals
par tic u larly with the fixed con straint set X Rn⊂ , i. e. with the re course model of the
form

( ) ( )g x d
Θ
∫ ; ξ µ ξ  sub ject to  x X∈ (4)

The sta bil ity re sults of Sec tion 3 will next be ap plied when υ de notes an em pir i -
cal dis tri bu tion.

3. STABILITY RESULTS

The o rem 1  Con sider (4) where ( )µ υ, ∈Ρ Θ1 , X is com pact, g is uni formly con -
tin u ous on R Rn s×  and Lipschitz con tin u ous in ξ for all x X∈ 0

 with a con stant L in -
de pend ent on x. Then 

( ) ( ) ( )ϕ µ ϕ υ µ υ− ≤ LW1 ,

If in ad di tion X is a con vex set and ( )g ⋅,ξ  is strongly con vex func tion on X with
pa ram e ter σ > 0, then

( ) ( ) ( )ψ µ ψ υ
σ

µ υ− ≤
2

1
8 LW ,

Pro of  See [3]; for a de fi ni tion of stron gly con vex fun ction see [11].
The strong con vex ity con di tion of g al lows us to con sider ( )ψ υ  as a (unique)

point of R n  (how ever it is in fact a sin gle ton).
The o rem 1 is a ba sic tool to es ti mate up per bound of dif fer ence in op ti mal value

and op ti mal so lu tion. First, up per bounds of The o rem 1 de pend on the model struc -
ture by means of the Lipschitz con stant L. Es pe cially, the un der ly ing struc ture can
be com plex so far as we can guar an tee the Lipschitz con ti nu ity of g in its ran dom
com po nent.

The other com po nent of the up per bound given by The o rem 1 mea sures the dis -
tance be tween µ  and ν by the Wasserstein met rics. We fix our at ten tion to this point
now. If the func tion ( )g x , ξ  had a sep a ra ble struc ture in ran dom el e ment, i. e. 
( ) ( )g x g xi i, ;ξ ξ= ∑  where ev ery ξ i is one-dimensional ran dom vari able, then we

could di rectly ap ply The o rem 1 on each of func tions gi . Here we take ad van tage of
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the fact that Wasserstein met rics is eas ily com put able for one-dimensional dis tri bu -
tions (see (1)). Con se quently, up per bounds for changes in op ti mal value and op ti -
mal so lu tion can be ob tained.

4. STABILITY RESULTS

Let µn  de note an em pir i cal mea sure with dis tri bu tion func tion Fn  de fined by (2).
In [14], lim it ing dis tri bu tion for ( )nW n1 µ µ,  is cal cu lated, where µ  is the uni form

dis tri bu tion on (0, 1). Using the in verse trans for ma tion the o rem, one could in duce a
lim it ing dis tri bu tion of this sta tis tics for ar bi trary dis tri bu tion; how ever, our aim is
dif fer ent. The in verse trans for ma tion the o rem is not al ways ap pli ca ble. The prob -
lem is that in verse distribution func tion F −1  could not al ways be given in its ex plicit
form, and other ap prox i ma tion meth ods take place.

In the lat ter sec tion, we give a short il lus tra tion on how some dis tri bu tions deals
with the Wasserstein met rics ap plied on them selves and theirs em pir i cal ver sions.
The goal is not to give an ex plicit for mula for lim it ing dis tri bu tion (this re quires a
more so phis ti cated the ory ground work, see again the book [14]), but to show how
large er rors one can look for when us ing dif fer ent em pir i cal dis tri bu tions in prac ti cal 
op ti mi za tion prob lems.

5. SIMULATIONS

We use the R pro gram ming lan guage for cal cu la tions needed to this sec tion. This 
free sta tis ti cal tool is very flex i ble in im ple ment ing user-defined pro ce dures. Nev er -
the less, we have cho sen to use built-in but powerfull rou tines for in te gra tion and
ran dom num ber gen er a tion:
• (one-dimensional) in teg ral es ti ma te is ba sed on QUADPACK nu me ri cal ro u ti -

nes, see [8];
• pseudo-random num ber ge ne ra tor is of the type Mersenne-Twister: a twis ted ge -

ne ra li zed fe ed back shift re gis ter ge ne ra tor, see [7]. Nor mal dis tri bu tion is es ti -
ma ted using the in ver sion pro ce du re and Wichura’s al go rithm AS 241 for
qu an ti le fun ction, see [16].
The ex act pro ce dure for estimating ( )W n1 µ µ,  reads as fol lows: for a given dis tri -

bu tion and a length n , a ran dom sam ple is gen er ated. Then the em pir i cal dis tri bu tion
is set up and its ab so lute dif fer ence to the orig i nal dis tri bu tion func tion is in te grated
giv ing an es ti mate for the Wasserstein dis tance. This pro ce dure is re peated 100
times for each pair (dis tri bu tion, n) in or der to get ba sic sta tis ti cal prop er ties of es ti -
mates.

  The first set of fol low ing his to grams il lus trates a fact that the Wasserstein dis -
tance be tween a dis tri bu tion and its em pir i cal es ti mate con verges to zero as fol lows
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from well-known the o ret i cal re sults about em pir i cal dis tri bu tions. The sec ond set of 
his to grams pro vides dis tri bu tions of   ( )nW n1 µ µ,  (i. e. rate of the con ver gence). If

one knows the Lipschitz con stant of The o rem 1 (de rived from the struc ture of the
orig i nal model (4)), one can di rectly ap ply the the o rem to ob tain an es ti mate to the
er ror aris ing when the orig i nal un known dis tri bu tion is re placed by its em pir i cal es -
ti mate.
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ECONOMIC GROWTH MODEL AND POSSIBLE
PROBLEMS OF THE SLOVAK ECONOMY

JAROSLAV HUSÁR

Motto
Jedine hlboká a dokonalá znalost makroekonómie
poucuje o spôsobe, ako funguje ekonomický systém,
ako v nom tecú toky príjmov a výdavkov, o tom, ci je
hospodárstvo zdravé, a ci je jeho chod vratký. Len ona 
vysvetluje, z ktorého subsystému (casti) pochádza
choroba (neduh), pre aké príciny a ako sa rozmáha.
Ona ukazuje cestu inštrumentom (liekom). Skrátka
povedané, len zato, že ju vieme (ovládame) sa stávajú
zjavnými ostatné jednotlivosti, takže ak nepozná
niekto túto hlavnú cast ekonómie, nie je prospešné
poznat ostatné.

INTRODUCTION

Re cently our econ omy vent through mass ad just ments. The pol icy mak ers were
per suaded that to re store macroenomic sta bil ity by bring ing the bud get close to bal -
ance and pur su ing tight mon e tary and credit pol i cies is the prime eco nomic in ter est.
Our new econ omy started by pri vat iz ing gov ern ment-owned firms by sell ing them.
The next step was to lib er al ize prices by re mov ing price con trols and al low ing mar -
kets to be gin op er at ing. We have lib er al ized for eign trade. Lit tle care was de voted to 
eco nomic growth as the main source of eco nomic wel fare. In this pa per we con cen -
trate on anal y sis of some as pects of eco nomic growth that are ahead of the Slo vak
econ omy.

1. ECONOMIC PERFORMANCE OF THE SLOVAK ECONOMY

To un der stand growth and dif fer ences in in come lev els among coun tries, we
need to un der stand what de ter mines the growth of fac tor of pro duc tion and tech ni cal 
knowl edge. The per for mance of the econ omy must be seen through many eco nomic
in di ca tors. De spite prog ress made in re duc ing spend ing as a share of GDP since
1998 and in cut ting tax rates from high lev els, the large def i cit – es ti mated at 6,5% of 
GDP (on ESA 95 ba sis) in 2001 – and the sig nif i cant rise in pub lic debt raise se ri ous
con cerns. The Slo vak econ omy is emerg ing slowly from a pe riod of slug gish
growth, that is the pre req ui site for the wel fare, which is ex pected by peo ple. The



Maastricht’ cri te ria re quire to meet fixed val ues of cho sen eco nomic in di ca tors. But
to eval u ate the per for mance, we have to look into the struc ture of GDP com po nents
(ta ble 1). In or der to have a deep un der stand ing the eco nomic prob lems of the Slo -
vak econ omy, we picked up data on the GDP struc ture for Slovakia, USA and GB.

The fun da men tal chal lenge fac ing Slovakia, as we can see from the data, is the
in crease in the con sump tion ex pen di ture share. There are no small dif fer ences but
high one. We could put the ques tion for whom the eco nomic sys tem of Slovakia is
pro duc ing. Share of the C in the GDP is only cca. 0,50. In USA and GB this share
reache the value of more than 0,65. The next sur pris ing ra tio is the share of in vest -
ment in GDP. For the pe riod of ex is tence of Slo vak Re pub lic this share is float ing
round the value of 0,35. A high rate of cap i tal for ma tion is not re flected in the stan -
dard of liv ing or in the la bour pro duc tiv ity.

Tab le 1: The sha re of the GDP com po nents in SR, USA and GB

GDP com po nents
SR USA GB

bil. Sk v  % bil. USD v  % bil. GBP v  %

Con sum ption ex pen di tu res, C 322,3 49,3 4390,0 68,9 382,7 64,2
In ves tment ex pen di tu res, I 252,7 38,6 875,2 13,7 92,9 15,6

In ven to ries, I -20,6 -0,03 16,8 0,002 -1,9 -0,003

Go ver nment ex pen di tu res G 146,2 22,3 1157,1 18,1 132,4 22,2

ex ports, X 368,8 56,4 660,1 10,4 139,8 23,4

im ports, M 415,5 63,5 725,8 11,4 149,1 25,0

GDP 653,9 100 6374,0 100 596,1 100

So the ef fi ciency of in vest ment as well as ef fi cient cap i tal al lo ca tion are es sen tial 
to rais ing stan dard of liv ing and la bour pro duc tiv ity. Af ter the need to raise pro duc -
tiv ity growth, next ma jor prob lem is the slug gish short-term per for mance of the
econ omy (growth) and the in ad e quate job cre ation.

The next im por tant in sight in eco nomic per for mance is the struc ture of con -
sump tion ex pen di tures. The con sump tion ex pen di ture is not the homogenius item. It 
is usual to di vide it to three com po nents: ex pen di tures on du ra ble goods (C1), on
non-durable goods (C2) and ex pen di tures on the ser vices (C3). This more de tailed
view of the US econ omy is seen in the Ta ble 2. It is ans ad vanced econ omy so we
can have an idea about the pos si ble path of eco nomic sys tem and pos si ble ob jec tives 
of econ omy in tran si tion.

Tab le 2: The struc tu re of se lec ted in di ca tors for US eco no my

Year GDP, bil.
USD

C I C/HDP I/GDP C1/C C2/C C3/C

1995 7400,5 4969,0 1143,8 0,671 0,154 0,12 0,30 0,58

1996 7813,2 5237,5 1242,7 0,670 0,159 0,12 0,30 0,58
1997 8300,8 5524,4 1383,7 0,665 0,167 0,12 0,29 0,59

1998 8759,9 5848,6 1531,2 0,667 0,175 0,12 0,29 0,59
1999 9248,4 6254,9 1625,6 0,676 0,176 0,12 0,29 0,59
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The reader can see the im por tance of the ex pen di tures on ser vices in USA as the
com po nent of over all ex pen di tures of house holds. This com par i son sug gest the
ground for eco nomic pol icy in the Slo vak econ omy.

To speak about re quired changes in our econ omy asks for in creas ing the growth
rate. In vest ment spend ing is a cen tral topic in mac ro eco nomic pol icy for two (more)
rea sons. First, fluc tu a tions in in vest ment ac count for much of the move ment of GDP 
in the busi ness cy cle. Sec ond, in vest ment spend ing de ter mines the rate at which the
econ omy adds to its stock of phys i cal cap i tal, and thus helps de ter mine the econ -
omy’s long-run growth and pro duc tiv ity per for mance. This was the rea son for con -
struc tion the model and on his base to an a lyze the Slo vak econ omy pros pects. We
want to rely on gross and net in vest ment. To have the idea of nu mer i cal re la tion ship, 
look at the gross and net in vest ment as a per cent age of GDP in USA:

Tab le 3: Gross and net in ves tment (per cent of GDP)

1960-80 1980-90
Gross in ves tment 18,1 17,6

Net in ves tment 606 5,5

Source: OECD, His tor i cal Sta tis tics, 1992

As we can see, net in vest ment de clined in the sec ond pe riod more than gross in -
vest ment. We can only make a hy poth e sis what was the rea son. But now we have an
idea about the real re la tion ship in the field of in vest ment in an ad vanced econ omy.
As it is known the rates of de pre ci a tion de pends on the type of cap i tal. For ex am ple,
the use ful life of struc tures is de cades whereas that of of fice equip ment is only a few
years. 

Now look at some nu mer i cal val ues in the Slo vak econ omy. We had some prob -
lems to get the same data. But in any case we suc ceeded to get data that are in
Table 4:

  Tab le 4: Gross fi xed ca pi tal for ma tion and its con sum ption:

In di ca tor 1996 1998

GDP 100 100
Gross fi xed cap. for ma tion 0,37 0,36

Con sum ption of ca pi tal 0,17 0,19

As we see the gross in vest ment as the com po nent of GDP in Slovakia is very
high. Per haps it should sug gest the other cap i tal al lo ca tion to get a higher growth
rate.
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2. AGGREGATED GROWTH MODEL OF SLOVAK ECONOMY
WITH POSSIBLE ECONOMIC PROBLEMS

To study and an a lyze the growth prob lems of Slo vak econ omy we want through
growth mod els. The sim plest growth mod els stem from the anal y sis of cap i tal ac cu -
mu la tion in the ab sence of cap i tal ac cu mu la tion. The ba sic model, gen er ally known
by the la bel Harrod – Domar, is con structed in a form that is both the sim plest and
most in flex i ble1. The vari ables in the Harrod-Domar model in con tin ues terms are
out put (in come) Y and la bor force L, both as flows per unit of time, to gether with the
cap i tal stock K at any time and its de riv a tive ∂K as the flow of in vest ment. All vari -
ables are taken as con tin u ous and dif fer en tia ble func tions of time. Hence the ba sic
model has three vari ables: Y,  K, and L ; and their paths are de ter mined by three equi -
lib rium con di tions:

Full ca pac ity  K vY=
In vest ment = sav ing ∂ =K sY       (1)
Full em ploy ment L uY L ent= = 0

In this model it is re quired thata the growth rate of L must be the rate of growth

(g) of Y. But the given rate of L is n, nat u ral rate. It can be shown that g
s
v

n= = . If

this es sen tial con di tion is sat is fied, then steady-state growth paths of the three vari -
ables are:

Y Y e K K e L L egt g t gt= = =0 0 0, and .

To speak about the eco nomic growth of Slo vak econ omy us ing only ver bal tech -
niques will not help to find the so lu tion. Crit i cal prob lem, as we have seen in ta bles,
is the ra tio of in vest ment and GDP. From this stems our in ter est to for mu late a
model that is fo cus ing on mac ro eco nomic vari ables I, K and Y. On the base of the
model (1) we con structed a model that con sists of these equa tions:

I J Ut t y= – (2)

K vYt t= (3)

J sYt t= (4)

I K Kt t t= +1 – (5)

whe re 
I

t – net in ves tment
J

t
– gross in ves tment

K
t

– stock of ca pi tal
U t

– dep re cia tion
Yt – GDP
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As we see there are three cru cial pa ram e ters: v , s and µ. The eco nomic mean ing
at tached to v is that de sired cap i tal stock is a con stant mul ti ple (v ) of out put. Our
equa tion (3) is the core equa tion, start ing point for the model de vel op ment. If this
equa tion is valid, then this state ment is valid also: 

K vYt t+ +=1 1 (6)

For the next de vel op ment of the model we have said that the de pre ci a tion is con -
stant ra tio of the cap i tal, that is that Ut is µ  ra tio of the cap i tal stock, i.e.:

U K v Yt t t= = ⋅ ⋅µ µ (7)

Now ma nip u lat ing wit the ex pres sions from (2) to (7) we can de duce the an a lyt i -
cal form of the re la tion ship Yt as a func tion of time, t. First of all from (5) we see that:

K K J Ut t t y+ =1 – – .

In this ex pres sion all the vari ables can be changed to Yt  (sub sti tuted) that re -
quires these three re la tions  (3), (4) a (7). The so lu tion is

( ) ( )v Y Y s Y v Yt t t t⋅ = ⋅ ⋅ ⋅+1 – – µ .

Re ar ranging this equa tion (ex pres sion) af ter sev eral steps we fi nally get this
model:

Y
s
v

Yt t+ = +







1 1 – µ (8)

The next steps in this model are clear enough in gen eral terms. Let the vari able 
t n= 0 1 2, , , ... , , we will get:

Y s
v

Y

Y s
v

Y

Y s
v

n

1 0

2 1

1

1

1

= +







= +







…

= +






–

–

–

,µ

µ

µ  −Yn 1

Af ter the re quired sub sti tu tions (they can be done by reader) we fi nally come to
this re sult:

Y
s
v

Yn

n

= +





1 0– µ (9)

To be more fa mil iar this equa tion, we can say that ρ µ= 





 −

s
v

.  We man aged to

get new form of (9) that can be writ ten in this form (so lu tion of dif fer ence equa tion):

( )Y Yn

n
= +1 0ρ (10)
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This par tic u lar for mu la tion says that the pa ram e ter ρ may be re garded to be a rate 
of growth. From the equa tion (9) the reader can se that all the pa ram e ters of the orig -
i nal equa tions s, v, and µ are im por tant in the growth rate for ma tion. They have their
own eco nomic mean ing. But as it is seen we need to know the ini tial value that is re -
lated to all pa ram e ters and a vari able Y0 . Pa ram e ters may be es ti mated. We now
have a good model (in stru ment) that can serve for mak ing eco nomic anal y sis. This
was the main pur pose of this model for mu la tion.

Now we can turn to the eco nomic anal y sis and prob lems that can be ex pected in
Slo vak econ omy from the point of view of real re la tion ships in mac ro eco nomic
vari ables. From equa tion (3) we see that de sired cap i tal stock is a fixed mul ti ple of
the level of in come. The fixed mul ti ple (v) is the ra tio of the de sired cap i tal to out put
( v = K/Y), called cap i tal-output ra tio. It mainly de pends on the fixed cap i tal of the
firms. In the busi ness sec tor, we are as sum ing that firms have no choice – they must
have cap i tal on hand in an amount equal to (v) times the level of out put. But the
growth rate heavily de pends on this value.  From the equa tion (4) we can see the im -
por tance of the pa ram e ter s . It can be read off from the GDP com po nents. If it is
high, as in Slovakia, it means that we need not only fi nan cial re sources for in vest -
ment but we need other re sources too: plants, equip ment, la bour force, new tech nol -
o gies, new pro fes sions, etc. This cre ates enor mous prob lems to ev ery econ omy. But
the high level of I in the GDP in the same time means that the C had to go down. No
less im por tant is the pa ram e ter µ.

In our pa per we want to pres ent some cal cu la tions con cern ing the Slo vak econ -
omy. First of all, we made a choice of the value of the pa ram e ters that way as to get
for each three val ues the growth rate to be 7%. Just to show you some re sults, in Ta -
ble 4 you can see the par tic u lar val ues.

In vari ant A we fixed the de pre ci a tion on the level that was ob served in the Slo -
vak econ omy and we also fixed the value of s, the ra tio of gross in vest ment in DGP
on the level that is a lit tle bit more than real (0,39).

Tab le 4: The pa ra me ters of the mo del

al ter na ti ve s v µ ρ

A 0,40 2 0,13 0,07
B 0,60 3 0,13 0,07

C 0,28 2 0,07 0,07

Growth rate in this case is 7%. In the vari ant B we fixed again the rate of de pre ci -
a tion and we ac cepted the cap i tal – out put ra tio that can be fined in mod ern (de vel -
oped) econ o mies (3). This re quires the s to be equal to 0,6 (very high) if we want to
have a growth rate equal to 7%. It means that con sump tion ex pen di tures in Slovakia
(and other ex pen di tures) must suf fer, house hold sec tor may be un sat is fied. Eco -
nomic de vel op ment takes place when the eco nomic wel fare of a coun try’s peo ple
in creases over a long pe riod. In the third al ter na tive we made a cou ra geous as sump -
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tion that the de pre ci a tion will be on very low level  – 7% and that cap i tal out put ra tio
reaches the value 2. So for all the three al ter na tives the growth rate is 7%. All these
al ter na tives say that the ini tial stages of re form be fore en ter ing the EU are very dif fi -
cult. Ta ble 4 shows es ti mates of GDP/ca pita in com ing 24 years based on the model
(10) for Slovakia in com par i son with the same data for Aus tria. But it must be said
that we took as an ini tial value for the GDP/ca pita to be 8560 USD. This num ber is
the re sult of ac cept ing the so called PPP re cal cu la tions. Next that must be said, we
made an as sump tion that the growth rate of the Aus trian econ omy will fol low the
rate of 2,2 per cent, ex pe ri enced in last years.

Tab le 5: The GDP growth for SR and Aus tria

Year GDP GDP/cap.,USD Aus tria

0 997,00 8560,00 26643,50

1 1066,79 9159,20 27229,66
2 1141,47 9800,34 27828,71

3 1221,37 10486,37 28440,94

4 1306,86 11220,41 29066,64
5 1398,34 12005,84 29706,11

6 1496,23 12846,25 30359,64

7 1600,96 13745,49 31027,55

8 1713,03 14707,67 31710,16
9 1832,94 15737,21 32407,78

10 1961,25 16838,82 33120,76

11 2098,54 18017,53 33849,41

12 2245,44 19278,76 34594,10
13 2402,62 20628,27 35355,17

14 2570,80 22072,25 36132,98

15 2750,75 23617,31 36927,91
16 2943,31 25270,52 37740,32

17 3149,34 27039,46 38570,61

18 3369,79 28932,22 39419,16

19 3605,68 30957,48 40286,38
20 3858,08 33124,50 41172,69

21 4128,14 35443,21 42078,48

22 4417,11 37924,24 43004,21
23 4726,31 40578,94 43950,30

24 5057,15 43419,46 44917,21

The Ta ble 5 shows that while the level of per ca pita in come in Aus tria is very
high, our level of per ca pita in come is rel a tively low (see also the OECD Eco nomic
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Sur vey). If Slo vak real in come con tin ues to grow at 7% and Aus trian at 2,2%,
Slovakia will catch up to the Aus tria (us ing dol lars) in 24 – 25 years. This may
sound im pos si ble, but it is close to what Ja pan achieved: be tween 1950 and 1990,
Ja pan’s in come (mea sured by ICP method – in ter na tional com par i sons pro ject) rose
rel a tive to that of USA from 18 to 78 per cent of US per ca pita GDP. Be fore Slovakia 
stands a method to fig ure out how to reach a growth rate of 7 per cent, we have to
con cen trate on real sources of Slo vak econ omy.The model shows what de ter mines
the growth rate of out put  over a long pe ri ods, at least we think that the picked up pa -
ram e ters are of a big im por tance. 

CONCLUSION

In this pa per we have shown the pos si ble anal y sis of the eco nomic growth us ing
model as a method to come to nu mer i cal re sults. First we con structed a model that
re lies upon econ0omic re la tion ship be tween prin ci pal mac ro eco nomic vari ables:
gross in vest ment, net in vest ment, cap i tal and out put. It was shown that all three in -
ves ti gated strat e gies are very trou ble some. Out idea was to con cen trate on the
7percent growth rate, that is very high in the given and per spec tive con di tions of our
econ omy. It seems that Solow’s sur pris ing con clu sion that says that over 80 per cent
of the growth in out put per la bour hour over the stud ied pe riod was due to tech ni cal
prog ress will also be valid in the next 20 – 30 years. In dis cuss ing some prob lems of
the Slo vak econ omy, we draw on the an a lytic and em pir i cal in sights of growth rate
that could be an ob jec tive for Slovakia.
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EXCHANGE RATE VOLATILITY
AND MONEY MARKET

IVANIČOVÁ ZLATICA, RUBLÍKOVÁ EVA

Af ter chang ing the fixed ex change re gime to the flex i ble one, the ex change rate
of the Slo vak crown has a ten dency to degrease. The Slo vak cen tral bank, be cause of 
the neg a tive cur rent ac count, en deavor to re tain the level of ex change rate. The au -
thor i ties of the mon e tary pol icy reg u lar prac tice the ex change rate in ter ven tion fo -
cused on the weak ness of the Slo vak crown.

We fo cused our anal y sis on the ex change rate move ments. In gen eral it is pos si -
ble to men tioned two ap proaches go ing from the same pro pos als. Both ap proaches
use the sim ple re la tion 

( )& , ,e f I y e= (1)

whe re &e is log of the rea li zed rate of chan ge in the ex chan ge rate, I  is the log of the
we ig hted ave ra ge of pri ce of the do mes tic good, y is the log of the out put le vel and e
is log of the ex chan ge rate. If the out put le vel y is as su med to be exo ge no us, we can
spe ak abo ut Do rnbusch mo del, if a pri ce le vel is ri gid, we have Mundell-Fleming
mo del.

1. FORMULATION OF THE MODEL

Money de mand can be spec i fied in log lin ear form

m I y rD C= + α β– (2)

whe re m
D

 is the log of the de mand of the mo ney stock, I
C

 is the log of the con sum -
ption pri ce in dex and r  is log of the do mes tic in te re st rate. The con sum ption pri ce in -
dex IC   ca be de fi ned as a we ig hted ave ra ge of the pri ce le vel of the do mes tic good
(I) and the pri ce le vel of the fo re ign good ex pres sed in do mes tic cur ren cy (e I

F
+ ),

( )( )I I e IC F= + − +σ σ1 (3)

In the freely flex i ble ex change rate sys tem con sid ered here, the sup ply of money
(mS) can be con trolled by the do mes tic mon e tary au thor i ties. Money mar ket equi lib -
rium then im plies that

m I y rS C= + α β– (4)

As suming open in ter est rate par ity yields

r rF= + π (5)



whe re we de fi ne π as the ex pec ted rate of dep re cia tion of the do mes tic cur ren cy, and 
r

F  as the fo re ign in te re st rate.
In the frame work of a de ter min is tic model, ra tio nal ex pec ta tions im ply per fect

fore sight. Put dif fer ently, in this model there is no un cer tainty about the pa ram e ters
nor about the fu ture ex og e nous vari ables. One can, there fore, write that

π = &e (6)

(tech ni cal ly &e is the de ri va ti ve of the log of the ex chan ge rate with res pect to time),
i.e. the ex pec ted rate of chan ge in the ex chan ge rate must equ al the rea li zed rate of
chan ge.

Com bining the pre vi ous equa tions (3) and (6) into one equa tion which de scribe
the fi nan cial equi lib rium (money mar ket equi lib rium and in ter est par ity)

r r eF= + &
( )( ) ( )m I e I y r eS F F= + − + + +σ σ α β1 – &

( ) ( )β σ σ σ α β& – –e I e I y f mF F S= + − + − +1 1

and re ar ran ge:

&e I e z= + −







 +σ

β
σ

β β
1 1 (7)

whe re 
( )z y I r mF F S= + −α σ β1 – –

or

&e y e z= + −







 + ′α

β
σ

β β
1 1 (8)

whe re 
( )z I I r mF F S′ = + −α σ β1 – –  .

The equa tion (7) is a first or der dif fer en tial equa tion, which de scribes the mo tion
of the ex change rate in a per fect fore sight en vi ron ment – Dornbusch ap proach to
anal y sis of vari abil ity of ex change rate. 

The equa tion (8) is a first or der dif fer en tial equa tion de scribes the mo tion of the
ex change rate in a per fect fore sight en vi ron ment (the dy nam ics in the money mar -
ket) – Mundell-Fleming ap proach to anal y sis of vari abil ity of ex change rate.

Equi lib rium is ob tained when &e = 0, i.e. from equa tion (7) the ac quired equa tion
is  

I e z= − −1 1σ
σ σ

– (9)

from equ a tion (8) the ac qu i red equ a tion is

y e z= −
−

′
1 1σ

σ α
–  . (10)
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Re la tion (10) is noth ing as a LM curve. Thus, along the LM curve the ex change
rate is at rest be cause the money mar ket is in equi lib rium.

In this pre sen ta tion we will an a lyze eq ui ta tion (7) based on the sim pli fied ver -
sion of the Dornbusch model. In par tic u lar it does not make a dis tinc tion be tween
traded and non-traded 

2. ANALYSIS OF THE CHANGE OF THE EXCHANGE
RATE SKK/CZK

In the pa pers [5],[6],[7] and [8] ex change rate SKK/CZK was an a lyzed on the
ba sis of pur chas ing power par ity and in ter est rate par ity and de vel op ment of the in -
fla tion rate. Some re la tion is pos si ble sur vey also be tween eval u a tion of money in
for eign cur rency (ex change rate) and money stock. This re la tion is de picted on the
pic ture 1.

In 1998 Slo vak Re pub lic adopted float ing mode of ex change rate, what car ried
un sta ble ness of exhcange rate and ex change rate was over es ti mated con cern ing on
slow growth of money stock. Dur ing the pe riod of years 2000 and 2001 till the
March 2002 there is the growth of money stock and at the same time also the growth
of exhange rate, so de pre ci a tion of Slo vak crown was grad ual to the Czech one. On
July 2002 this de vel op ment has changed. Al though money stock (M2) in Slovakia is 
in creas ing, so there are ex pec ta tion of in creas ing the ex change rate and the de pre ci -
a tion of the cur rency, there is pos si ble to see that the Slo vak crown ap pre ci ate. It is
the con se quence of the re ver sal de vel op ment of the cross ex change rate of USD and
EUR. Be cause of EUR ap pre ci ate and the value of USD is de creas ing, Slo vak crown 
also ap pre ci ate to gether with the ap pre ci a tion of EUR not only to the USD but also
to the Czech crown as well. Slo vak crown has sta ble de vel op ment to the EUR, even
it is up to stan dard of Masstricht cri te ria con cern ing of sta bil ity of cur rency. 
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That inforamtion car ried us to the idea to test va lid ity of sim ple Dornsbuch
model for de vel op ment of ex change rate. The anal y sis was done on the ba sis of
monthly data from Jan u ary 1998 till No vem ber 2003 for ex change rate SKK/CZK,
in fla tion rate and money stock M2. The for mula (7) was mod i fied. For es ti ma tion of
pa ram e ters the in fla tion rate was used in stead of con sumer price in dex and money
stock M2 in stead of the vari able z as well.

The re sults are fol low ing: 

d SKK CZK INF SKK CZKt t tlog _ , , log , log _– –= − −0 262 0 014 0187 1 0 042 2

0 17 0 00 0 06 0 03
+ , log

( , ) ( , ) ( , ) ( , )
M t

D W− =1 76, .

Be cause M2 is not statisticaly sig nif i cant at 10 per cent level of sig nif i cance, it
was ex cluded from the model and the new es ti ma tion was done as: 

d SKK CZK INF SKK CZKt t tlog _ , – , log – , log _= − −0 008 0 013 0114 1

0 11 0 00 0 03( , ) ( , ) ( , )

D W− =183, .

On the ba sis of gain ing re sults we can state that be cause of float ing ex change rate 
and strongly open Slo vak econ omy the change of money stock is weakly rebuting in
the move ment of ex change rate. Es sen tial ef fect on the de vel op ment of the ex -
change rate has the price level, which is strongly de pend ing on the val ues of the for -
eign ex change rates, namely USD and EUR.

De vel op ment of the money stock M2 and the ex change rate SKK/CZK in the pe -
riod from Jan u ary 1998 till No vem ber 2003 was es ti mated by means of Box–Jen -
kins meth od ol ogy with the fol low ing mod els:

Model for M2:
( )( )1 1 21

12− − = +φ B B M K at t

or
( )( )1 0 552 1 2 1 668

011

12− − = +, ,

( , )

B B M at t

Model for SKK_CZK:

( )( )1 11 2
2

3
3

4
4− − =φ φ φ φB B B B B SKK CZK at t– – – _

or

( )( )1 0165 0 216 0 069 0 325 1

01

2 3 4− + − =, – , – , , _

( ,

B B B B B SKK CZK at t

2 012 012 012) ( , ) ( , ) ( , )

Fore casts for money stock M2 and ex change rates SKK/CZK for pe riod De cem -
ber 2003 – No vem ber 2004 are listed in the ta ble 1.
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Tab le 1

Pe riod

Mo ney stock M21/ Ex chan ge rate SKK/CZK2/

Fo recast Lo ver
95,0%

Up per
95,0% Fo re cast Lo ver

95,0%
Up per
95,0%

Li mit Li mit
Dec. 2003 742,456 726,287 758,626 1,234 1,188 1,281

Jan. 2004 740,038 717.17 726,906 1,227 1,155 1,298
Febr. 2004 747,835 719,828 775,842 1,225 1,128 1,322

March 2004 747.459 715,119 779,799 1,232 1,111 1,353
Ap ril 2004 748,74 712,583 784,897 1,236 1,100 1,371

May 2004 753,445 713,837 793,053 1,240 1,092 1,388
Jun 2004 747,051 704,269 789,832 1,243 1,086 1,400

July 2004 759,928 714,192 805,663 1,242 1,078 1,407

Aug. 2004 766,841 718,331 815,351 1,242 1,070 1,414
Sept. 2004 764,312 713,178 815,446 1,240 1,061 1,419

Oct. 2004 769,293 715,663 822,922 1,239 1,053 1,423
Nov. 2004 774,605 718,59 830,619 1,239 1,045 1,432

So ur ce: own cal cu la tion

1/ fo re cast is done from De cem ber 2003 to No vem ber 2004 be ca u se of  shor ter time se ries

2/ fo re cast is done from Feb ru a ry 2004 to Ja nu a ry 2005

On the pic ture 2 is de picted the de vel op ment of the Money stock (M2) in the pe -
riod from Jan u ary 1998 to No vem ber 2003 and the fore cast from De cem ber 2003 to
No vem ber 2004. It is pos si ble to ob serve, that the value of the money stock will
slowly growth. The ex change rate SKK/CZK has a ten dency to be rigid, see pic -
ture 3.
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Anal y sis of in fla tion  was pub lished in [8]. The fore cast of M2, ex change rate
and in fla tion is pre pared for fur ther anal y sis within the frame of the VEGA Pro ject 
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APPLICATION OF ALTERNATIVE METHODS
IN RECALCULATION OF THE HUMAN

DEVELOPMENT INDEX 1

JOSEF JABLONSKÝ

Ab stract The Hu man De ve lop ment In dex (HDI) is an ag gre ga te in di ca tor that me a -
su res the ave ra ge achie ve ments in dif fe rent co un tries in three ba sic di -
men sions of hu man de ve lop ment - life ex pec tan cy, edu ca tion and stan dard 
of li ving me a su red by GDP per ca pi ta. Its cal cu la tion is mul ti ple cri te ria
decision-making (MCDM) prob lem and cur ren tly the ba sic uti li ty fun ction
ap pro ach with the iden ti cal we ights for all the in di ca tors is used. The pa -
per com pa res pub lis hed re sults with re sults gi ven by se ve ral ot her MCDM
tech ni qu es. Mo re o ver, the HDI can be es ti ma ted by data en ve lop ment ana -
ly sis (DEA) mo dels. Two ba sic DEA mo dels for HDI cal cu la tion are for mu -
la ted and the re sults gi ven by them are pre sen ted. 

1. HUMAN DEVELOPMENT INDEX

The Hu man De vel op ment In dex (HDI) is an in di ca tor that is pub lished
for all the UN mem ber coun tries ev ery year by United Na tions De vel op ment
Programme within the Hu man De vel op ment Re port. The com plete ver sion of this
re port can be found and down loaded from the www page hdr.undp.org. The HDI
mea sures and com pares the qual ity of hu man life in dif fer ent world coun tries. The
cal cu la tion of the HDI is based on the fol low ing four cri te ria:

q  life ex pec tancy at birth in years (LE),
q  adult lit er acy rate in % (LR),
q  com bined pri mary, sec ond ary and ter tiary gross en rol ment ra tio in % - (the

num ber of chil dren en rolled in each level of school ing di vided by the num -
ber of chil dren in the age group cor re spond ing to that level (GER),

q  GDP per ca pita in US$.  
The fol lo wing three in di ces are cal cu la ted form the se cri te ria:
1. Life ex pec tan cy in dex (LEI) is cal cu la ted ac cor ding to the fol lo wing for mu la:

life experiency in the given country –  25
85 25−

.

1 The pa per is sup por ted by the Grant Agen cy of Czech Re pub lic - grant no. 402/03/1360 and cor res ponds to the
re se arch prog ram of the Fa cul ty of In for ma tics and Sta tis tics no. CEZ:J18/98:311401001.



The LIE is from 0 to 1. The hig hest va lue was re a ched by Ja pan (0,94) with the life
ex pec tan cy 81,3 ye ars in 2002. In the con tra ry, the lo west va lue is 0,14 for Zam bia.
The LIE for the Czech Re pub lic is 0,83 (life ex pec tan cy 75,1 ye ars). 
2. Ed u ca tion in dex (EI) con sists of two cri te ria - adult lit er acy rate and gross en rol -

ment ra tio. It is cal cu lated as the weighted av er age with weight 2 for lit er acy rate
and weight 1 for gross en rol ment ra tio. The high est val ues are greater than 0,99
(highly de vel oped coun tries as Nor way, Swe den, Great Brit ain, etc.). The low est
value is 0,17 for Niger. The EI for the Czech Re pub lic is 0,91. 

3. GDP in dex  is cal cu lated as fol lows:

( ) ( )
( ) ( )

log log

log log

GDP −

−

100

40000 100

The high est GDP has Luxemburg (53780 US$ per ca pita). Thus, the value of the
GDP in dex com puted by the above for mula is greater than 1. For the HDI cal cu la -
tion pur poses is this value low ered to 1,00. The low est GDP in dex has Si erra Le -
one 0,26 (GDP is only 470 US$ per ca pita). The Czech Re pub lic has GDP 14720
US$ and reaches the GDP in dex 0,83.  

The HDI is cal cu lated as the av er age of the three men tioned in di ces. The
sum mary sta tis tics and re sults for se lected coun tries are given in Ta ble 2.    

2. MULTICRITERIA ANAL Y SIS OF THE HDI  

The cal cu la tion of the HDI is a gen eral mul ti ple cri te ria de ci sion mak ing
prob lem with the aim to re ceive com plete rank ing of all the al ter na tives (coun tries)
by four cri te ria that have to be max i mized. This prob lem can be solved by one or
sev eral avail able MCDM meth ods. 

Criterion Weight Indifference 
threshold

Preference
threshold

life expectancy 1/3 1 5

literacy rate 2/9 1 5

gross enrolment ratio 1/9 4 20

GDP 1/3 2 10

Ta ble 1: Pa ram e ters used in PROMETHEE class meth ods

The method cur rently used for cal cu la tion of the HDI is the sim plest util -
ity func tion ap proach. The weights used for our fur ther anal y sis are given in Ta ble 1
- they cor re spond to the weights used in the stan dard ap proach. The val ues of the
HDI were re cal cu lated by two fre quently used MCDM meth ods - TOPSIS and
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PROMETHEE. TOPSIS is based on mini mi sa tion of the dis tance of al ter na tives
form both the ideal and basal al ter na tives. Ex cept weights of the cri te ria this method
does not need any fur ther pa ram e ters. PROMETHEE class meth ods need spec i fi ca -
tion of the type of so called gen er al ised func tion that is used in com par i son of pairs
of al ter na tives and cal cu la tion of in ten sity of pref er ence be tween them. In our ex -
per i ments we used lin ear gen er al ised func tion with in dif fer ent area. Pa ram e ters of
this func tion for the cri te ria are pre sented in Ta ble 1.

Country LE LR GER GDP HDI Rank PR II Rank TOPSIS Rank

Norway 78,7 99,0 98 29,62 0,944 1 0,812 1 0,753 5

Iceland 79,6 99,0 91 29,99 0,942 2 0,808 2 0,761 4

Sweden 79,9 99,0 100 24,18 0,941 3 0,801 3 0,629 18

Australia 79,0 99,0 100 25,37 0,939 4 0,796 4 0,656 12

Netherlands 78,2 99,0 99 27,19 0,938 5 0,794 6 0,697 8

Belgium 78,5 99,0 100 25,52 0,938 6 0,791 7 0,659 11

USA 76,9 99,0 94 34,32 0,937 7 0,790 8 0,862 2

Canada 79,2 99,0 94 27,13 0,937 8 0,796 5 0,695 9

Japan 81,3 99,0 83 25,13 0,932 9 0,783 9 0,650 14

Switzerland 79,0 99,0 88 28,10 0,931 10 0,782 10 0,717 7

Denmark 76,4 99,0 98 29,00 0,930 11 0,761 16 0,737 6

Ireland 76,7 99,0 91 32,41 0,930 12 0,769 14 0,817 3

UK 77,9 99,0 100 24,16 0,930 13 0,774 12 0,628 19

Finland 77,8 99,0 100 24,43 0,930 14 0,773 13 0,634 17

Luxemburg 78,1 99,0 73 53,78 0,929 15 0,760 17 0,961 1

:

Czech Rep. 75,1 99,0 76 14,72 0,861 32 0,532 31 0,420 38

Slovak Rep. 73,3 99,0 73 11,96 0,836 39 0,403 35 0,364 43

:

Burundi 40,4 49,2 31 0,69 0,337 171 -0,709 170 0,080 166

Mali 48,4 26,4 29 0,81 0,337 172 -0,693 168 0,069 172

Burkin Faso 45,8 24,8 22 1,12 0,330 173 -0,717 173 0,059 174

Niger 45,6 16,5 17 0,89 0,292 174 -0,728 174 0,053 175

Sierra Leone 34,5 36,0 51 0,47 0,275 175 -0,744 175 0,062 173

Ta ble 2: HDI re cal cu la tion by MCDM meth ods. 
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The re sults of the multicriteria anal y sis were given by our orig i nal
add-in ap pli ca tion in MS Ex cel en vi ron ment for solv ing MCDM prob lems called
Sanna. The com par i son of coun try rank ings given by the PROMETHEE II method
with the rank ing ac cord ing to the pub lished HDI val ues show they very close re la -
tion. In the con trary, the rank ing given by the TOPSIS method is not so cor re lated
with the HDI rank ings. In sev eral cases the rank ing dif fers very sig nif i cantly - e.g.
Guinea Equa to rial has the HDI equal to 0,664 (rank 116), the sim i lar re sult is given
by the PROMETHEE II method (110) but the TOPSIS method as signs rank 39 (it
can be ex plained by very high value of GDP in this coun try). The re sults for the first
15 coun tries, Czech and Slo vak Re pub lic and the last 5 coun tries show Ta ble 2. The
first four col umns of this ta ble con tain the raw data, i.e. cri te rion val ues ac cord ing to
our four cri te ria. The next three pairs of col umns con tain the HDI value, net flow
given by the PROMETHEE method and util ity value com puted by the TOPSIS
method al ways with the rank ings of the coun tries by these in di ca tors. 

3    RE CAL CU LA TION OF THE HDI BY DEA MOD ELS  

Data en vel op ment anal y sis (DEA) is a tool for mea sur ing the rel a tive ef -
fi ciency and com par i son of gen eral de ci sion mak ing units (DMU). The DMUs are
usu ally char ac ter ised by sev eral in puts that are spent for pro duc tion of sev eral out -
puts. The DEA mod els try to mea sure the ef fi ciency of trans for ma tion of in puts into
out puts and as sign to the DMUs the ef fi ciency score that can be used for rank ing of
in ef fi cient units (ef fi cient ones have the ef fi cient score equal to 1). The ba sic DEA
mod els can be used for re cal cu la tion the HDI. We pro pose the fol low ing two DEA
model:
1. The model that con sid ers four out puts (LE, LR, GER and GDP) and one in put that 

has iden ti cal unit val ues for all the coun tries (DMUs). We sup pose the out -
put-oriented model with con stant re turn to scale with one un con trolled in put (the
in put val ues can not be changed). The model pro duces the ef fi ciency score that
can be taken as the es ti ma tion of the HDI com puted in the stan dard way. The
math e mat i cal for mu la tion of this mod els can be writ ten as fol lows:

max i mize z si
i

r

= − +

=
∑φ ε

1

sub ject to x xij j
j

n

iqλ
=
∑ =

1

, i  = 1, 2, ..., m, (1)

y s yij j
j

n

i iqλ φ
=

+∑ − =
1

, i = 1, 2, ..., r,

λ j i is s≥ ≥ ≥+ −0 0 0, , ,
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where z is the ef fi ciency score of the unit DMU q , m is the num ber of in puts, r is
the num ber of out puts, n is the num ber of DMUs, xij, i = 1, 2, ..., m, j = 1,  2, ..., n , is
the value of the in put i for the DMUj, yi j , i  = 1, 2, ..., r, j = 1, 2, ..., n, is the value of
the out put i for the DMUj , si

+, i = 1, 2, ..., r are slack vari ables cor re spond ing to
out puts and lj and f are de ci sion vari ables of the model. This for mu la tion of the
model does not make it pos si ble to re strict the weights of the in puts and out puts.
The weights re stric tion can be use ful in or der to in clude all the cri te ria in the
model by a given min i mum way. That is why it can be use ful to work with dual
model:

min i mize z v x
i iq

i

m
=

=
∑

1

sub ject to v x u yi ij
i

m

i i j
i

r

= =
∑ ∑− ≥

1 1

0, j  = 1, 2, ..., n, (2)

u yi iq
i

r

=
∑ =

1
1,

u d vi i i≥ −, free,

where ui and v i are the weights of the i-th in put and i-th out put re spec tively and
de ci sion vari ables of the model at the same time, and di is the lower bound for
weight of the i-th out put. The units with ef fi ciency score z  = 1 are ef fi cient, the ef -
fi ciency score z  > 1 in di cates in ef fi ciency (for pur poses of com par i son with the
HDI we will work with the re cip ro cal val ues of ef fi ciency scores 1/ z). 

2. The sec ond model takes into ac count one in put (GDP) and three out puts (LE, LR
and GER). This mod els tries to mea sure the ef fi ciency of trans for ma tion of the
coun try wealth (mea sured by GDP) into out puts in flu enc ing in the pos i tive way
the hu man life in the coun try. We sup pose the out put-oriented model with vari -
able re turn to scale with weights re stric tions. Here, the model (2) changes in the
fol low ing way:

min i mize z v xi iq
i

m

= +
=
∑

1

ϕ

sub ject to v x u y
i ij

i

m

i i j
i

r

= =
∑ ∑− + ≥

1 1

0ϕ , j  = 1, 2, ..., n, (3)

u y
i iq

i

r

=
∑ =

1

1,

u d v ei i i i≥ ≥, ,

where ei is the lower bound for weight of the i-th in put.
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Country HDI
rank

DEA (1)
d=0,001 Rank DEA (1)

d=0,003 Rank DEA (2)
d=0,001 Rank DEA (2)

d=0,003 Rank

Norway 1 1,000 1 1,000 1 0,990 40 0,970 41

Iceland 2 1,000 1 0,984 10 0,985 53 0,954 65

Sweden 3 1,000 1 0,995 5 1,000 1 0,997 15

Australia 4 1,000 1 0,996 3 0,998 23 0,989 23

Netherlands 5 0,999 8 0,995 4 0,992 35 0,977 36

Belgium 6 1,000 1 0,995 6 0,997 26 0,987 27

USA 7 1,000 1 1,000 1 0,979 65 0,940 82

Canada 8 0,995 13 0,983 12 0,990 41 0,968 43

Japan 9 0,998 9 0,956 19 0,996 27 0,954 64

Switzerland 10 0,989 17 0,968 16 0,982 58 0,948 73

Denmark 11 0,997 12 0,991 7 0,988 46 0,964 51

Ireland 12 0,994 14 0,984 11 0,978 69 0,936 85

UK 13 0,998 11 0,989 9 0,998 22 0,989 22

Finland 14 0,998 10 0,990 8 0,998 25 0,988 24

Luxemburg 15 1,000 1 0,977 13 0,955 88 0,877 117

:

Czech Rep. 32 0,991 15 0,972 15 1,000 1 1,000 1

Slovak Rep. 39 0,954 36 0,874 42 0,981 62 0,945 77

:

Burundi 171 0,486 172 0,461 171 0,763 156 0,759 148

Mali 172 0,558 164 0,490 167 0,786 152 0,741 155

Burkin Faso 173 0,527 168 0,462 170 0,642 171 0,574 172

Niger 174 0,518 169 0,446 175 0,701 164 0,636 167

Sierra Leone 175 0,494 171 0,464 169 0,993 33 0,955 63

Ta ble 3: HDI re cal cu la tion by DEA mod els.

The re sults of the model (2) can be di rectly com pared with the pub lished
HDI val ues. Ta ble 3 con tains rank ings of the coun tries ac cord ing to the orig i nal HDI 
val ues in the first col umn. In the next two col umns there are the ef fi ciency scores
com puted by the model (2) with all the weights for the out puts greater than 0,001.
Un der these con di tions seven of the coun tries are iden ti fied as ef fi cient. In or der to
clas sify these coun tries it is pos si ble to in crease the weights of the out puts and to
com pute the ef fi ciency scores again. In creasing the weights leads to the lower (or
equal) ef fi ciency scores of the DMUs. In this case some of the DMUs ef fi cient in the 
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model with lower bounds be come in ef fi cient in the model with higher bounds. In
this way it is pos si ble to clas sify the DMUs. The re sults for lower bounds for the out -
puts 0,003 are pre sented in the next two col umns of Ta ble 3. Here we can see that the 
most ef fi cient coun tries ac cord ing to the model (2) are Nor way and USA.

The re sults of the sec ond DEA ap proach, i.e. model (3), are dif fer ent
com par ing to the pre vi ous ones. If we con sider the lower bounds for the out puts and
the in put 0,001 there are ef fi cient 17 coun tries, among them sev eral de vel op ing
coun tries as Tan za nia, Guy ana, Geor gia, etc. Many of the highly de vel oped coun -
tries are not ef fi cient ac cord ing to this model but it is nec es sary to re mark that they
are very close to the ef fi cient fron tier and their ef fi ciency scores are close to 100%.
The less ef fi cient among all the coun tries are An gola and Mo zam bique with the ef fi -
ciency score slightly greater than 50%. The last four col umns of Ta ble 3 con tain the
ef fi ciency scores and rank ing of se lected coun tries with lower bounds for weights of 
the out puts and the in put 0,001 and 0,003 re spec tively.
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SERVICE SYSTEM DESIGN IN THE PUBLIC AND
PRIVATE SECTORS

JAROSLAV JANÁČEK

1. INTRODUCTION

Needs and re quire ments of hu man so ci ety or par tic u lar so cial groups form var i -
ous de mands, which are usu ally spread over a geo graph ical area. An ef fec tive sat is -
fac tion of the de mands is pos si ble only if the cor re spond ing ser vice pro vider
con cen trates its sources at sev eral places of the served area and if he pro vides the
ser vice in these places only or if he serves the de mands at their po si tions by trips
start ing and ter mi nat ing at these places. To de note source of a ser vice, we shall use
the term “fa cil ity”, which is mend to in clude a broad set of en ti ties such as fac to ries,
ware houses, trans por ta tion ter mi nals, schools, hos pi tals, day-care cen tres, pub lic
ad min is tra tion of fices, emer gency warn ing si rens and oth ers. An ad dressee of the
ser vice will be de noted by the term “cus tomer”, even if he has hardly any thing com -
mon with this term in the mar ket sense in many cases.

Within frame of this pa per we re strict our selves on such prob lems, in which a fi -
nite num ber of cus tom ers and fi nite num ber of pos si ble fa cil ity lo ca tions are con sid -
ered, what could be pretty good ap prox i ma tion of most of real cases. The great deal
of a ser vice sys tem de sign will be done, when ques tion on a num ber of fa cil i ties and
their lo ca tions are an swered. We shall dis tin guish two classes of ser vice sys tems,
which dif fer in ob jec tives. The first con sid ered class is formed by so-called pub lic
sys tems and the sec ond one is re ferred as pri vate sys tems. When a sys tem from the
first class is de signed, the ob jec tive is stated as minimization of a so cial cost sub ject
to ser vice each cus tomer or, in ad di tion, some cus tomer’s eq uity in ac cess to the ser -
vice may be de manded. On the con trary to a pub lic sys tems de sign, a pri vate sys tem
de signer ac cents profit max i mi za tion or cap ture of larger mar ket share. In this case,
ser vice of some dis ad van ta geous de mands can be omit ted.

In the fol low ing sec tions we for mu late sev eral typ i cal mod els of both pri vate and 
pub lic sys tem de signs and we shall dis cuss means of cor re spond ing solv ing ap  -
proaches. Then we show a way, how to re ar range all re ported mod els to gen eral one, 
prob lem in stances of which are solv able by ex act al go rithms for con sid er able large
size.



2. PUBLIC SERVICE SYSTEMS

As pre lim i nar ies for model con struc tion, we in tro duce the fol low ing no ta tion of
par tic u lar terms, which will be used through out the whole pa per. Let J de note a fi -
nite set of cus tom ers and if a quan tity of cus tomer’s de mand can be ex pressed by a
real num ber, then de mand of cus tomer j ∈ J be de noted by b j. Let I de note a fi nite set 
of pos si ble fa cil ity lo ca tions and let d ij de note the dis tance be tween lo ca tion i∈I and
the lo ca tion of cus tomer j∈J . The de ci sion on fa cil ity lo ca tion at place i ∈I is mod -
elled by zero-one vari able y i∈{0,1}, which takes value 1 if a fa cil ity should be lo -
cated at i and it takes value 0 oth er wise.

2.1 Ma xi mum Dis tan ce Mo del

In this prob lem a cus tomer’s de mand is cov ered if its dis tance from some lo cated
fa cil ity is less or equal than given con stant D. This case cor re sponds to prob lems
like emer gency warn ing si rens lo ca tions or health cen tre lo ca tion. The ob jec tive is
to cover all the cus tomer de mands with min i mum num ber of lo cated fa cil i ties. The
clas si cal ap proach [Cur rent, 2002], [Marianov, 2002] in tro duces set Nj={i∈I:
dij ≤D} of pos si ble lo ca tions, from which de mand of cus tomer j can be sat is fied.
Then the model of the cor re spond ing set cov er ing prob lem can be es tab lished in the
form:

Mi ni mi ze   yi
i I∈
∑ (1)

Sub ject to

yi
I N

j
∈
∑ ≥ 1           for j J∈ . (2)

2.2 p-Centre Prob lem

This prob lem con sists in min i miz ing the max i mum dis tance be tween cus tomer
and the near est lo cated fa cil ity, when pre-determined num ber of p fa cil i ties is given. 
This prob lem arises, when lim ited num ber of fire-stations or first-aid sta tions should 
be lo cated so that time, in which the worst sit u ated cus tomer can be served, be as
small as pos si ble. To form a model of this prob lem, aux il iary vari ables zi j∈ {0,1} for
each i∈I and j ∈J  are in tro duced to as sign cus tomer j to pos si ble lo ca tion i. Fur ther -
more, we add an an other vari able w≥ 0, which is used as up per bound of the dis -
tances be tween cus tomer j and as signed lo ca tion i. The p-center prob lem can be
for mu lated as fol lows:

Mi ni mi ze w (3)
Sub ject to

zij
i I∈
∑ =1          for j J∈ (4)
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z yij i≤            for i I∈  and j J∈ (5)

y pi
i I∈
∑ =                                            (6)

d z wij
i I

i j
∈
∑ ≤                  for j J∈ .                (7)

2.3 p-Median Prob lem

A prob lem of this type arises, when the num ber of fa cil i ties is fixed and av er age
dis tance or av er age weighted dis tance be tween cus tomer and the near est lo cated fa -
cil ity should be min i mized. In the pub lic sec tor, one might want to lo cate, for ex am -
ple, pub lic ad min is tra tion bu reaus in such a way as to min i mize the to tal dis tance
that cit i zens must tra verse to reach their clos est bu reau. If J  de notes set of dwell ing
places in the area, bj num ber of in hab it ants at j∈J and if we use the pre vi ously in tro -
duced vari ables, an as so ci ated model to this prob lem can be es tab lished this way:

Mi ni mi ze b d zj
j Ji I

ij ij
∈∈
∑∑ (8)

Sub ject to (4), (5), (6).

3. PRIVATE SERVICE SYSTEMS

Making use of above in tro duced no ta tion, we try to for mu late mod els of two
broadly spread prob lems in the pri vate sec tor.

3.1 Ma xi mum Co ve ring Lo ca tion Prob lem

Sim i larly to the pre vi ous mod els, the num ber of fa cil i ties is fixed at value p, but,
on the con trary to pub lic the sys tems, not each cus tomer must be served. We con -
sider that ser vice of cus tomer j brings profit, which is pro por tional to its de mand bj.
The cus tomer is con sid ered to be served if there is lo cated at least one fa cil ity within
dis tance D from the cus tomer. Making use of sets Nj in tro duced in sub-section 2.1
and in tro duc ing aux il iary vari ables xj∈{0,1}  tak ing value 1, if cus tomer j is served,
we can es tab lished the fol low ing model:

Ma xi mi ze b xj
j J

j
∈
∑ (9)

Sub ject to

y xi
j N

j
j∈

∑ ≥           for j J∈ (10)

y pi
i I∈
∑ = .                        (11)
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3.2 Fi xed Char ge Lo ca tion Prob lem

We con sider a sim pler ver sion of the prob lem stated in [Cur rent, 2002] or
[Kubanová, 1997]. The num ber of fa cil i ties in not fixed here, but each fa cil ity lo ca -
tion at i∈I is con nected with fixed charge fi, which does n’t de pend on de mand quan -
tity sat is fied from this lo ca tion. Fur ther more, costs cij are in tro duced to ex press cost
con nected with ser vic ing cus tomer j from a fa cil ity lo cated at i. The ob jec tive is to
sat isfy all cus tomer de mands and to min i mize the to tal costs in clud ing both fixed
charges and ser vice costs. This prob lem of ten emerges, when a dis tri bu tion sys tem
is de signed. Making use of pre vi ously in tro duced vari ables yi and z ij, the model can
be stated as fol lows:

Mi ni mi ze   f y c zi
i I

i ij
j Ji I

ij
∈ ∈∈
∑ ∑∑+ (12)

Sub ject to (4), (5).

4. SOLVING METHODS

There are var i ous ex act meth ods for solv ing the par tic u lar prob lems men tioned
above [Buzna, 2003], [Cur rent, 2002], [Erlenkotter, 1978] [Marianov, 2002],. Be -
sides, hav ing for mu lated lin ear math e mat i cal pro gram ming model, some of gen eral
solv ers based on branch and bound ap proach can be used [Jablonský, 2002]. As
shown in [Chocholác ek, 1998] for par tic u lar prob lem, spe cial ap proaches win from
the time con sump tion point of view, if spe cial and gen eral solver ap proaches are
com pared. Neverless, if the stud ied prob lem is mod i fied e.g. by ad di tion of a new
con straint or by slight change in the ob jec tive func tion, then these spe cial ap  -
proaches are use less.

That is why we fo cus on the pos si bil ity, how to re ar range the broad spec trum of
prob lems to gen eral one, for which a smart solv ing tool has been de vel oped. The
gen eral prob lem has form of the above fixed charge lo ca tion prob lem with lim ited
num ber of used fa cil i ties. The model has the fol low ing form:

Mi ni mi ze   f y c zi
i I

i ij
j Ji I

ij
∈ ∈∈
∑ ∑∑+ (13)

Sub ject to

zi j
i I∈
∑ =1             for j J∈                    (14)

z yij i≤            for i I∈  and j J∈ (15)

y pi
i I∈
∑ ≤                                              (16)

The as so ci ated prob lem can be solved by the ap proach re ported in [Janácek,
2000], where Lagrangean mul ti plier f is in tro duced for con straint (16), which is to
be re laxed. Then the prob lem (14)-(16) can be re for mu lated this way: Find f ≥ 0, so
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that val ues of vari ables yi , i ∈I of the op ti mal so lu tion of proble m (17), (14), (15)
meet con straint (16) as equal ity. The con sid ered ob jec tive func tion is

( )f f y c xi
i I

i ij
j Ji I

ij+ +
∈ ∈∈
∑ ∑∑ (17)

If f is fixed, then problem (17), (14), (15) forms an uncapacitated lo ca tion prob -
lem. To solve the prob lem for nonnegative val ues of f and {cij}, pro ce dure BBDual
[Janácek, 1997] was de vised and im ple mented. Be ing tested dur ing com pu ta tional
ex per i ments with large net works, the pro ce dure proved to be able to solve large size
prob lems quickly enough to be used re peat edly in more com pli cated al go rithms.

To find de manded value f, an al go rithm was com pleted [Janácek,  2000], in
which func tion Q(f, c ) gives num ber of vari ables yi which value is equal to one in the 
op ti mal so lu tion of prob lem (17), (14), (15) for given f, c.

0. Set { ) ( )
f f c i I f

f f

j J
ijmin max

m ax min, max , ,
–

= = ∈ =
∈
∑0

2
.

1. While  ( )( )Q f p; ,c ≠  and ( )f fmax min– ≥ ε   re peat

If ( )Q f p, c >  then  set f fmin = , oth er wise set f fmax = .

Set 
( )

f
f f

= max min–

2
.

It is nec es sary to re mark that the op ti mal so lu tion y , z  of problem (17), (14),
(15) for resulting f need not nec es sar ily meet constraint (16) as equal ity [ Janácek,
2000].

5. PROBLEM REARRANGEMENTS

In this sec tion, there will be shown that it is pos si ble to re ar range each of the
above mod els to the form of model (13)-(16). The re for mu la tion is not nec es sary for
the fixed charge lo ca tion prob lem (3.2). In that case, it is suf fi cient to omit the con -
straint, which bounds the num ber of used fa cil i ties. Fur ther more, the p-median
prob lem (2.3) with nonnegative co ef fi cients can be con sid ered as a form of the gen -
er al ized prob lem for f i = 0.

The re ar range ment of mod els 2.1, 2.2 and 3.1 can be done by the fol low ing way:
Max i mum Dis tance Model (2.1) can be re for mu lated to model (13)-(16)

defining f i = 1 for i I∈  and cij = 0 for j J∈  and i N j∈  and cij = 2 oth er wise.

p-Centre Prob lem (2.2) can not be trans formed di rectly to model (13)-(16), but
such a model can be de rived that its so lu tion pro vides ap prox i mate solution of the
p-centre prob lem and by re peat ing the solv ing pro cess, the re sult ing so lu tion can be
made ar bi trary pre cise. To reach this goal, lower and up per bounds on op ti mal value
of w must be de ter mined. Let us de note the cur rent bounds w

m in
 and wmax .
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The in ter val [ ]w wmin max,  is di vided into r  equi dis tant parts by val ues 
w w w wr1 2< < …< = max . Then the sur ro gate costs c ij for j∈ J and i∈I are es tab lished 

in ac cor dance to the rule: cij =0 for d wij < 1
 ; ( )c J pij

k
= −  for w d wk ij k≤ < +1

 for 

k r= −1 1,. . , ; ( )c J pij
r

= −  for w dr ij≤ . With this costs p-median prob lem can be

solved and its larg est value c ij, for which op ti mal z ij
=1 de ter mines k and as so ci ated 

w wk k, +1  form new lower and up per bounds on the orig i nal prob lem.

Max i mum Cov er ing Lo ca tion Prob lem (3.1)
To re ar range the for mer model, we in tro duce as sign ment vari ables zij∈{0, 1} tak -

ing value 1 if and only if cus tomer j is as signed to place i∈I. Then we can re write the
for mer model as:

Ma xi mi ze   b zj
i Nj J

ij
i

∈∈
∑∑ (18)

Sub ject to

zij
i Ni∈
∑∑ ≤ 1              for j J∈                             (19)

z yij i≤             for j J∈  and i N j∈ (20)

y pi
i I∈
∑ =                                                 (21)

Fur ther we add one “fic tive” place i0 to each neigh bour hood Nj ob tain ing new
neigh bour hoods { }N N ij j= ∪ 0 . Now we in tro duce slack vari ables zi0j for each
constrai nt (19) and de fin ing c bij j=  for each j∈J and i∈N j and c i j0 0=  for each j∈ J,

we ob tain model, in which constrains (19) take form of equal ity.
Af ter this ar range ment, con stant

 J ⋅ C =J  ⋅  { }max : ,c j J I N C zij j ij
i Nj J i

∈ ∈ = ⋅
∈∈
∑∑  

can be sub trac ted from the (18) wit ho ut loss of ge ne ra li ty. This way, a new ob jec ti ve 
fun ction with non-positive co ef fi cients( )c Cij –  is ob ta i ned and when ma xi mi za -
tion is rep la ced with mi ni mi za tion of the ob jec ti ve fun ction with non ne ga ti ve co ef -
fi cients c C cij ij= – , than the only dif fe ren ce bet we en the ge ne ral mo del and the
ob ta i ned one con sists in sum ma tion over sets N j . This can be ad jus ted by in tro du -
cing some pro hi bi ti ve con stant C C>  and co ef fi cients c Cij =  for j J∈  and i N j∉
to get her with the as so cia ted va riab les z ij .

6. CONCLUSIONS

We have shown that a broad spec trum of lo ca tion prob lems orig i nat ing in both
pri vate and pub lic sec tors can be re ar ranged to the form of uncapacitated lo ca tion
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prob lem with sim ple con straint on num ber of lo cated fa cil i ties. Fur ther more, an
approximative ap proach based on uncapacitated lo ca tion tech nique was re ferred,
which very of ten reaches an op ti mal so lu tion. An ad van tage of the sug gested solv -
ing pro cess con sists in speed, with which it is pos si ble to ob tain an ex act so lu tion of
a very large prob lem in com par i son with gen eral in te ger pro gram ming solv ers. Re -
sults re ported in this con tri bu tion ac cents im por tance of fur ther de vel op ment of ex -
act solv ing tech niques for uncapacitated lo ca tion prob lem on var i ous types of
un der ly ing net works. Un for tu nately, our pre lim i nary ex pe ri ence in di cates that if ca -
pac i tated con straints are con sid ered in a lo ca tion prob lem, its in trac ta bil ity in -
creases and dis ables ex act solv ing of large in stances. Over coming of this ob sta cle
may rep re sent a topic of a fur ther re search.
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MULTIOBJECTIVE PROGRAMS AND
MARKOWITZ MODEL  

VLASTA KAŇKOVÁ 

Ab stract. It hap pens rat her of ten that mul ti cri te ria op ti mi za tion prog ra ms with ob -
jec ti ve fun ctions de pen ding on a pro ba bi li ty me a su re cor res pond very of -
ten to eco no mic si tu a tions. A “clas si cal prob lem” of op ti mal po rtfo lio
se lec tion be longs to this class of op ti mi za tion prob lems; the ope ra tor of
mat he ma ti cal ex pec ta tion ap pe ars the re in ob jec ti ve fun ctions. Em plo y -
ing the ap pro ach for ge ne ral type of one and mul ti ob jec ti ve sto chas tic
prog ra mming prob lems we ana ly se the sta bi li ty (con si de red w.r.t. the
pro ba bi li ty me a su res spa ce) and be ha vio ur of em pi ri cal es ti ma tes in the
abo ve men tio ned prob lem.  

Ke y words: Po rtfo lio se lec tion, Mar ko witz ap pro ach, mul ti ob jec ti ve sto chas tic
prog ra mming prob lems, ef fi cient so lu tion, stron gly ef fi cient so lu tion,
sta bi li ty, em pi ri cal es ti ma tes. 

 1. INTRODUCTION

A very sim ple “un der ly ing port fo lio prob lem” (con sid ered w.r.t. one pe riod) is
known as the fol low ing one. To choose, un der the as sump tions of no trans ac tions
costs, no taxis and un der the as sump tion that short sales are not per mit ted, among n
dif fer ent in fi nitely di vis i ble fi nan cial as sets (see e.g. [1], [2]). Ev i dently (un der the
above men tioned as sump tions) we ob tain the fol low ing sim ple op ti mi za tion prob -
lem. Find 

max ξ k
k

n

kx
=

∑
1

sub ject to 

x x k nk
k

n

k
=
∑ ≤ ≥ = …

1

1 0 1, , , , (1)

whe re xk   de no tes the frac tion of the unit we alth in ves ted in the as set k, ξ k   de no tes
the re turn of the as set k n= …1 2, , ,   at the end of the con si de red pe riod. 

If ξ
k

k n, , ,= …1   are known con stants, (1) is sim ple lin ear pro gram ming prob -
lem. How ever, in real–life sit u a tions ξk k n, , ,= …1   are ran dom vari ables. If we de -
note 



( )( )µ ξ ξ µ ξ µ ξk F k k j F k k j j kE c E k n= = = …, – – , , , ,, 1  ,

then it is re a so nab le (un der a well–known phi lo sop hy) to set to the po rtfo lio se lec -
tion two–ob jec ti ve op ti mi za tion prob lem. 

Find 

max , min ,µ k
k
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k

n

k j jx x c x
= ==
∑ ∑∑

1 11

sub ject to 

x x k nk
k

n

k
=
∑ ≤ ≥ = …

1
1 0 1, , , , (2)

EF   de notes the op er a tor of math e mat i cal ex pec ta tion cor re spond ing to the dis -
tri bu tion func tion F of the ran dom vec tor ( )ξ ξ ξ= …1 , , n . 

Ev i dently, there ex ists only rarely a pos si bil ity to find an op ti mal so lu tion si mul -
ta neously with re spect to the both cri te ria. Markowitz sug gested (see e.g. [2]) to re -
place the prob lem (2) by one–cri te rion op ti mi za tion prob lem of the form. 

Find 

max – ,µk k
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 sub ject to  x x k nk
k

n

k
=
∑ ≤ ≥ = …

1

1 0 1, , , ,

(3)

whe re m≥ 0 is a con stant. Ob vio us ly for eve ry m ≥ 0 the re exists λ ∈ 0 1,  such that
the prob lem (3) is equ i va lent to the fol lo wing one. 

Find 

( )max – ,λ µ λk
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1

sub ject to

x x k nk
k

n

k
=
∑ ≤ ≥ = …

1
1 0 1, , , , (4)

The prob lems (2), (3) and (4) de pend on the dis tri bu tion func tion F Since mostly
F is not ex actly known, a sta bil ity in ves ti ga tion (con sid ered with re spect to a prob a -
bil ity mea sures space) as well as an in ves ti ga tion of sta tis ti cal es ti mates are very se -
ri ous prob lems con nected with the orig i nal prob lem. Of course, it means to
in ves ti gate the sta bil ity and sta tis ti cal es ti mates of the (prop erly) ef fi cient points set
in the case of the prob lem (2) (see e.g. [9], [12]). The sta bil ity in ves ti ga tion of the
multiobjective sto chas tic op ti mi za tion prob lems has been started in [4]. 

In this con tri bu tion we shall deal with the sta bil ity and em pir i cal es ti mates in the
case of the prob lem (4) or equiv a lently in the prob lem (3). To this end we em ploy
the re sults known from one–cri te ria sto chas tic pro gram ming prob lems (see [7], [8],
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[11]). Fur ther more we shall mod ify the re sults achieved for multiobjective sto chas -
tic pro gram ming prob lems [9], [12] to ap ply them to two–ob jec tive prob lem (2). To
this end we as sume. 

A.1   There ex ist fi nite 

( )( )µ ξ ξ µ ξ µk F k k j F k k j jE c E k j n= = = …, – – , , , ,, 1 (5)

2. SOME DEFINITIONS AND AUXILIARY ASSERTIONS

To in ves ti gate the sta bil ity and em pir i cal es ti mates con cern ing the prob lems (2)
and (4) (con se quently (3)) we re call some def i ni tions and prove some aux il iary as -
ser tions. 

1. One—Ob jec ti ve Ap pro ach

Def i ni tion 1.
Let h be a real–val ued func tion de fined on a con vex set K R n⊂  . h   is a strongly

con cave func tion with a pa ram e ter ρ >0  if 

( )( ) ( ) ( ) ( ) ( )h x x h x h x x xλ λ λ λ λ λ ρ1 2 1 2 1 2 2
1 1 1+ − ≥ + − + − –

for eve ry x x K1 2, ∈ λ∈ 0 1,   ( ⋅  de no tes the Eu clid ean norm in Rn ). 

Prop o si tion 1. [6] 
Let K R n⊂  be a nonempty, com pact, con vex set. Let, more over, h  be a strongly

con cave with a pa ram e ter  ρ >0,  con tin u ous, real–val ued func tion de fined on K. If  
( )x arg h x

x K

0 =
∈

max  ,  then 

( ) ( )x x h x h x– –0 2 02
≤

ρ
  for eve ry x K∈ .

Lemma 1.
Let K R n⊂  be a nonempty set. Let, more over, h i ri , , ,= …1  be Lipschitz func -

tions on K with the Lipschitz con stants Li . Then h λ , ( )λ λ λ= …1 , , r ,λ i ≥ 0, 

i r= …1, , , λ i
i

r

=
∑ =

1

1 de fined by 

( ) ( )h x h x x Ki
i

r

iλ λ= ∈
=
∑

1
,

is a Lip schitz fun ction on K with a Lip schitz con stant not gre a ter then Li
i

r

=
∑

1

. 
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To in tro duce the next aux il iary as ser tion we de fine the func tion g λ on R Rn n× ,
the set X and the ma trix C by 

( ) ( ) ( )( )g x z z x g x z x z z xi i
i

n

i k
j

n

k

n

k k j j j
* *, , , – – ,= = −

= ==
∑ ∑∑

1
2

11

µ µ ( )z z zn= …1, ,  

( )X x R x x x x x k nn
n k

k

n

k= ∈ = … ≤ ≥ = …





=

∑, , , : , , , ,1
1

1 0 1

( ) ( ) ( ) ( ) ( )g x z g x z g x z x x xnλ λ λ λ, , , , , , , , ,* *= + − ∈ = …1 2 11 0 1

( )C = = …c c i j ni j j i j, ,, , , , , ,where µ 1  are de fi ned by the re la tion (5). (6)

Lemma 2.
Let ( )ε∈ 0 1, , λ ε∈ −0 1,  . If the ma trix C with el e ments ci j,

 , i j n, , ,= …1   is pos -
i tive def i nite, then there ex ists (in de pend ently on λ ε∈ −0 1,  ) a con stant ρ >0 such
that ( )E g xF λ ξ,  is a strongly con cave, with the pa ram e ter ρ, func tion on X.

Proof.
First it fol lows from [14] that un der the as sump tions of Lemma 2 there ex ists a

con stant ρ* > 0 such that ( )E g xF 2
* ,ξ  is a strongly con cave, with a pa ram e ter ρ*

func tion on X. Con se quently, ac cord ing to the Def i ni tion 1 we can see that g λ ,  
λ ε∈ −0 1,  is a strongly con cave, with the pa ram e ter ρ ερ= *  (not de pend ing on λ) 

func tion on X. 
It is known that the Kolmogorov met ric ( ) ( )d F G d P PK K F G, : ,=  in the prob a -

bil ity mea sures space is de fined by 

( ) ( ) ( ) ( )d P P d F G F z G zK F G K
z Rn

, : , sup –= =
∈

(7)

To de fine the Wasserstein met ric ( ) ( )d F G d P PW W F G1 1
, : ,=  let ( )P R n  de note

the set of all (Borel) prob a bil ity mea sures on Rn  , 

( ) ( ) ( )M R P R z dzn n

Rn
1 = ∈ < ∞












∫ν ν: .

If ( )D ν µ,  de notes the set of those mea sures in ( )P R Rn n×  whose mar ginal

mea sures are ν and µ,  then 

( ) ( ) ( )d z z dz dz D M RW

R Rn n
1 1ν µ κ κ ν µ ν µ, – : , , ,= × ∈












∈

×

∫inf ( )n  . 

(PF  de no tes the pro ba bi li ty me a su re co res pon ding to the fis tri bu tion fun ction F.) 
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2. MULTIOBJECTIVE DETERMINISTIC
OPTIMIZATION PROBLEMS

To in ves ti gate sta bil ity and em pir i cal es ti mates in the multiobjective case (2) we
re call a re la tion ship be tween one–ojective and multiobjective de ter min is tic prob -
lems, gen er ally.

Let f i ri , , ,= …1  be real–val ued func tions de fined on R n  , K Rn⊂  be a
nonempty set. We can in tro duce a de ter min is tic multiobjective op ti mi za tion prob -
lem in the form. Find 

( )max , , ,f x i ri = …1  sub ject to x K∈ (8)

Def i ni tion 2.
The vec tor x* is an ef fi cient so lu tion of the prob lem (8) if and only if there ex ists

no x K∈   such that ( ) ( )f x f xi i≥ *  for i r= …1, ,  and such that for at least one i0  one 

has ( ) ( )f x f xi i0 0
> * .

Def i ni tion 3.
The vec tor x*  is a prop erly ef fi cient so lu tion of the multiobjective op ti mi za tion

prob lem (8) if and only if it is ef fi cient and if there ex ists a sca lar M >0 such that for
each i and each x K∈  sat is fy ing ( ) ( )f x f xi i> *  there ex ists at least one j  such that 

( ) ( )f x f xj j
* >  and 

( ) ( )
( ) ( )

f x f x

f x f x
M

i i

j j

−

−
≤

*

*
.

Prop o si tion 2. [3] 
Let K R n⊂   be a con vex set and let f i ri , , .. . ,=1  be con cave func tions on K .

Then x 0  is a prop erly ef fi cient so lu tion of the prob lem (8) if and only if x 0  is op ti mal 
in 

( )maxx K i
i

r

if x∈
=
∑λ

1

for some λ λ λ1
1

0 1, ..., ,r i
i

r

> =
=
∑ (9)

Re mark 1.
Let r ≥ 2. Let, more over, ( )x rλ λ λ λ, , . .. ,= 1  be a so lu tion of the prob lem (9). It

fol lows from the proof of The o rem 1 of  [3]  that M  cor re spond ing to x x: =
λ   ful fils

the re la tion ( )M r
i j

i

j

= − 1 max
,

λ
λ

.

Def i ni tion 4.
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If K K Rn′ ′′ ⊂,  are two nonempty sets, then the Hausdorff dis tance of these sets 

[ ] [ ]∆ ∆K K K Kn′ ′′ = ′ ′′, : ,  is de fined by 

[ ] ( ) ( )[ ]∆ n n nK K K K K K′ ′′ = ′ ′′ ′′ ′, max , , ,δ δ ,

 ( )δ n
x K x K

K K x x′ ′ ′ = ′ ′′
′∈ ′ ′′∈ ′′

, sup inf – .

3. STABILITY AND EMPIRICAL ESTIMATES

To in tro duce new as ser tions we de note 

( )x E g xF F
λ

λ ξ= argmax ,  eve ryw he re when xF
λ  is well – de fi ned,

{ }X x X xF = ∈ : is a properly efficient point of the problem (2) ,

{X x X xF
ε = ∈ : is a properly efficient point of the problem (2)

c ( )}orresponding λ ε ε∈ − ∈0 1 0 1, , ,
(10)

(For more de tail ex pla na tion about the def i ni tion of X F
ε   see Re mark 1.) 

The o rem 1.
Let ( )δ ε> ∈0 0 1, ,  . If Z F

 be a bounded set, λ ε∈ −0 1, , then there ex ist two
func tionsF Fδ

δ,   de fined on Rn  and a con stant L1  such that for ev ery n–di men sional
dis tri bu tion func tion ( )G z  

( ) ( ) ( )G z F z F z z R n∈ ∈δ
δ, ,

the fol lo wing as ser tion is va lid 

( ) ( )sup , – sup ,
X

F
X

GE g x E q x Lλ λξ ξ δ≤ 1  for eve ry λ ∈ 0 1, (11)

If, more over, the ma trix C is pos i tive def i nite, then there ex ists a con stant 
( )L L1 1′ = ′: ε  such that also 

x x LF G
λ λ δ–

2

1≤ ′  for eve ry ( )[ ]λ ε δε ε∈ − ≤ ′0 1
2

1, , ,∆ X G LF G
(12)

(ZF   de notes the sup port of the prob a bil ity mea sure PF .) 

Sketch of the Proof.
Em ploying the ap proach of The o rem 2 of [8] and Lemma 1 we can see that the

as ser tion (11) is valid.. Fur ther more, first as ser tion of (12) fol lows from the as ser -
tion (11), Lemma 2 and Prop o si tion 1. To ob tain the sec ond as ser tion of (12) we em -
ploy the as ser tion of Prop o si tion 2 and Re mark 1. 
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Re mark 2.
Ev i dently, if the prob a bil ity mea sure P

F
 is ab so lutely con tin u ous w.r.t. the

Lebesgue mea sure in Rn , then em ploy ing the as ser tion of The o rem 1, the sta bil ity
re sults w.r.t. Kolmogorov met ric can be ob tained; for more de tails of this ap proach
see e.g. [8]. The sup port ZF  must be bounded for it. In [13] an ap proach is in tro -
duced un der that this re stric tion can be omit ted. 

The o rem 2.
Let ( )ε∈ 0 1,  . If ZF

  is a bounded set, λ ε∈ −0 1, ,  dis tri bu tion func tion G  ful fils 
the as sump tion A.1, then there ex ists a con stant L2such that the fol low ing as ser tion
is valid. 

( ) ( ) ( )sup , – sup , ,
X

F
X

G W F GE g x E g x L d P Pλ λξ ξ ≤ 2 1
 for eve ry λ ∈ 0 1, . (13)

If, more over, the ma trix C is pos i tive def i nite, then there ex ists a con stant L2 ′
such that also 

( )

( )[ ]
x x L d P P

X G L d

F G W F G

F G W

λ λ

ε ε

λ ε– , ,

,

2

2

2

2

1
0 1≤ ′ ∈ −

≤ ′

for every

∆ ( )
1

P PF G,
(14)

Sketch of the Proof.

The idea of the Proof of The o rem 2 is very sim i lar to the main idea of the proof of 
The o rem 1. How ever in stead of the re sults of the work [8] we em ploy in this case the 
re sults of the pa per [11]. 

The o rem 1 and The o rem 2 deal with the case when the the o ret i cal prob a bil ity
mea sure is re placed by a de ter min is tic one. How ever very of ten the the o ret i cal prob -
a bil ity mea sure must be re placed by an em pir i cal one. Em ploying the large de vi a -
tions tech nique we ob tain the next as ser tion. 

The o rem 3.

Let ( )t> ∈ ∈ −0 0 1 0 1, , , ,ε λ ε . Let, more over, ZF  be a bounded set. If FN  ,
N =1, …  is an em pir i cal dis tri bu tion func tion de ter mined by an in de pend ent ran -

dom sam ple { }ξ i

i

N

= 1
 cor re spond ing to the dis tri bu tion func tion F, then there ex ist

con stants k K1 1 0, >  such that 

( ) ( )

}

P E g X E g x t

k

X
F

X
FNsup , sup ,

,

λ λξ ξ

λ

−



>

∈ ≤for at least one 0 1 { }1 1
2 1exp , ,− =K Nt N …  (15)

If more over the ma trix C is pos i tive def i nite, then there ex ist con stants k2 , K 2 0≥
such that also 
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{ }P x x t k exp K NtF FN
λ λ λ ε– ,

2

2 2
20 1> ∈ −



 ≤ −for at least one  ,

[ ][ ] { }P X X t k K Nt NF FN
∆ ε ε, exp , ,

2

2 2
2 1>








≤ − = … (16)

Sketch of the Proof.

To prove The o rem 3 we em ploy, first, the as ser tion of Lemma 1 to see that 
( )g x zλ ,  is a Lipschitz func tion on X with a Lipschitz con stant not de pend ing on z

and  λ ε∈ −0 1, . More over, ac cord ing to the spe cial form of the func tion ( )g x zλ ,  it 
is easy to see that we can ap ply the as ser tion of The o rem 2 of [5] to get the re la tion
(15). The re la tion (16) can be ob tained very sim i larly. 

4. CONCLUSION

We have in tro duced re sults on the sta bil ity and em pir i cal es ti mates con cern ing
port fo lio op ti mal se lec tion prob lem. To this end we omit usual as sump tion about the 
nor mal dis tri bu tion. Con se quently to this, we have as sumed a bounded prob a bil ity
mea sure sup port. Surely it would be very use ful to deal with the sta bil ity (con sid -
ered w.r.t. pa ram e ter λ) of the prob lem (4) as well as to deal with the case of gen eral
sup port. How ever the both these in ves ti ga tions are over the pos si bil i ties of this con -
tri bu tion. 

Ac know led ge ment. This re se arch was sup por ted by the Grant Agen cy of the Czech 
Re pub lic un der Grants 402/04/1294, 402/02/1015 and the Grant Agen cy of AS CR
un der Grant A 7075202. 
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DYNAMICAL MACROECONOMIC MODELS FROM 
THE KEYNESIAN, WALRASIAN AND CLASSICAL

POINT OF VIEW

JAN KODERA, KAREL SLADKÝ, MILOSLAV VOŠVRDA

Ab stract:  In this ar tic le we com pa re pro per ties of Ke y ne sian, Wal ra sian and Clas si -
cal mac ro e co no mic mo dels. We start with an ex ten ded dy na mi cal IS-LM
ne oc las si cal mo del ge ne ra ting be ha vio ur of the real pro duct, real in te re st
rate, ex pec ted in fla tion and the pri ce le vel over time. Li mi ting be ha vio ur,
sta bi li ty, exis ten ce of li mit cyc les and ot her spe ci fic fe a tu res of this mo del
will be com pa red with tho se of Wal ra sian and Clas si cal mo dels. 1

Ke y words: Mac ro e co no mic mo dels, Ke y ne sian, Wal ra sian and Clas si cal mo del, non -
li ne ar dif fe ren tial equ a tions, li ne a ri za tion, asym pto ti cal sta bi li ty.

1. INTRODUCTION AND NOTATIONS

The need of dy namic mac ro eco nom ics was al ready rec og nized some fifty years
ago, when the first mod els of busi ness cy cles were stud ied (e.g. Frisch [3], Hicks
[5], [6], Kalecki [8], [9], Samuelson [11]). In those con tri bu tions it was shown that
the dy namic in ter ac tion of the mul ti pli ers and the ac cel er a tor in Keynes ian mac ro -
eco nomic mod els can gen er ate fluc tu a tions in out put and em ploy ment. Those the o -
ries fo cused mainly on the dy nam ics of prod uct mar kets.

In this ar ti cle, we de scribe com mod ity mar ket, money mar ket and the equi lib -
rium of pro duc tion sec tor from Keynes ian, Walrasian and Clas si cal point of view.
We will pre fer the con tin u ous-time de scrip tion of the con sid ered mac ro eco nomic
sys tems, i.e. mon e tary and price dy nam ics is then de scribed by sys tems of dif fer en -
tial equa tions.

To be gin with, we pres ent the ba sic de scrip tion of dy namic mac ro eco nomic sys -
tem em ploy ing the IS-LM ap proach. This ap proach en ables to en close also the
money mar ket and more over, in tro duc ing a Phil lips curve en ables to ex tend the dy -
namic mod els also to la bour mar ket (e.g. Fischer [1], Sargent [12], [13], Tobin
[19]).

1 This re se arch was sup por ted by the Grant Agen cy of the Aca de my of Scien ces of the Czech Re pub lic un der
Grant A7075202 and by the Grant Agen cy of the Czech Re pub lic un der Grant 402/02/1015.



Let (in con tin u ous time t ≥0) Y t( ), ( )S ⋅ ⋅,  and ( )I ⋅ ⋅,  de note the real prod uct, sav -
ings and real in vest ments of the con sid ered econ omy re spec tively. Re call that for
the nom i nal in ter est R t( ) it holds R t r t( ) ( )= + πe(t) where r t( ) is the real rate of in ter -

est and πe(t) the ex pected in fla tion, in contrast to the real in fla tion π(t). The dy namic 
IS model (i.e. In vest ment-Saving Model) is then given by the fol low ing dif fer en tial
equa tion (see e.g. [18]) ( ) ( )[ ] ( ) ( )[ ]{ }& , – ,Y I Y t r t S Y t r t= α  or on tak ing log a -

rithms by

( )
( ) ( )[ ] ( ) ( )[ ]{ }dy t

dt
i y t r t s y t r t= −α , , (1.1)

whe re ( ) ( )y t Y t= ln  and ( ) ( )
( )

i
I

Y
⋅ ⋅ =

⋅ ⋅

⋅ ⋅
,

,

,
, ( ) ( )

( )
s

S

Y
⋅ ⋅ =

⋅ ⋅

⋅ ⋅
,

,

,
, is the so-called pro pen si ty to

in vest, to save res pec ti ve ly. Ob ser ve that for an equ i lib rium po int ( )Y t Y≡ * ,

( )y t y≡ *  , ( )r t r≡ *  we have ( ) ( )I Y r S Y r* * * *, ,=  or ( ) ( )i y r s y r* * * *, ,= .

De noting by ( )p t  the price level at time t, the dy nam ics of the money mar ket
(LM model) is de scribed by the fol low ing dif fer en tial equa tion

( )
( ) ( )[ ] ( )

( ) ( ) ( )[ ] ( )( ){ }

d r t

dt
y t R t M

p t

y t r t t m p t

s

e s

=











=

= +

β

β π

l

l

, – ln

, – –

(1.2)

whe re ( ) ( )[ ] ( ) ( )( )[ ]l y t R t L Y t R t, ln , ,= m Ms s= ln , ( ) ( )p t p t= ln ; ( )L ⋅ ⋅,  and 

M s  is re ser ved for de mand for mo ney and mo ney sup ply res pec ti ve ly. In (1.1), (1.2) 
al pha, beta are po si ti ve con stants sig ni fy ing the spe ed of ad jus tment of the res pec ti -
ve mar ket.

To ob tain a com plete dy namic model of the econ omy we need to in clude equa -
tions for ex pected in fla tion ( )π e t  and the price level ( )p t .

Ac cord ing to Tobin [20], for ( )π e t  the fol low ing adap tive equa tion is valid

( ) ( ) ( )[ ]d t

dt
t t

e
eπ

γ π π= − (1.3)

whe re γ is the co ef fi cient of adap ta tion and ( )πe t  is the real in fla tion.

Re calling that ( ) ( )
( )

( )
π t

p t

p t

d p t

dt
= =

&
, from (1.3) we im me di ately get

( ) ( ) ( )d t

dt

d p t

dt
t

e

eπ
γ π= −












 . (1.4) 
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For what fol lows we need to ex press 
( )d p t

dt
. To this end shall as sume that the

de vel op ment of the price level ( )p t  over time is in ac cor dance with changes of the
so-called cost func tion ( )( )C y t . In par tic u lar, the well-known con di tion of profit

max i mi za tion ( ) ( )
p t

dC y

dy
–  is the base for the fol low ing ad just ment for mula for 

( )p t  ( deltais a con stant):

( ) ( ) ( )d p t

dt
e

d C y

dy
p t

= −












−
δ 1 (1.5)

In fact, the above for mula is in ac cor dance with the tra di tional the ory of per fectly 
com pet i tive firms (see e.g. [10] and as such is in ter preted in many trea tises on mon e -
tary and price dy nam ics (cf. e.g. [2]).

2. DYNAMIC MACROECONOMIC MODELS: GENERAL VIEW

In what fol lows we shall use short hand no ta tions only, i.e. we re place 
( )d p t

dt
  by 

&p sim i larly for the time de riv a tives &y , &r , &π e, and 
( )dC y

dy
  is re placed by ( )C y′ .

More over, we shall of ten omit the ar gu ment t. Hence, (cf. (1.1), (1.2), (1.4), (1.5))
us ing such a model the sys tem de scrib ing an econ omy from the Keynes ian point of
view has the fol low ing form:

( ) ( )[ ]
( ) ( )[ ]

( )

& , – ,

& , – –

& & –

&

y i y r s y r

r y r m p

p

p e C

e s

e e

p

=

= +

=

= − ′−

α

β π

π γ π

δ

l

1 ( )[ ]y

(2.1)

whe re  ( ) ( )i y r s y r, , , ,  ( )l y r e, + π  , and ( )C y  are real ives tment, real sa vings,

real mo ney de mand and cost fun ctions res pec ti ve ly, de pen ding on pro duc tion y, real 
rate of in te re st r, (ex pec ted) in fla tion πe  and the pri ce le vel p.

The Walrasian model has dif fer ent price and com mod ity dy nam ics from the
Keynes ian model. Com paring the Walrasian and Keynes ian model ob serve that in
the Keynes ian model the price dy nam ics is con trolled by costs as it is usual in
Keynes ian eco nom ics and com mod ity dy nam ics de pends on the dis equi lib rium on
com mod ity mar kets.
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The Walrasian model con sists of four dif fer en tial equa tions that for mal ize the
(com mod ity) price level, in ter est rate, pro duc tion and ex pected in fla tion dy nam ics
in the fol low ing man ner:

( ) ( )[ ]
( ) ( )[ ]

( )
( )[ ]

& , – ,

& , – –

& –

&

p i y r s y r

r y r m p

p

y e C y

e s

e e

p

=

= +

=

= − ′−

α

β π

π γ π

δ

l

1

(2.2)

Clas si cal mod els that de scribe (com mod ity) price level, in ter est rate, pro duc tion
and ex pected in fla tion dy nam ics have sim i lar struc ture of right hand sides of dif fer -
en tial equa tions, but left hand sides are per muted as it is shown be low:

( ) ( )[ ]
( ) ( )[ ]

( )

& , – ,

& , – –

& & –

r i y r s y r

p y r m p

p

y e C

e s

e e

p

=

− = +

=

= − ′−

α

β π

π γ π

δ

l

1 ( )[ ]y

(2.3)

Just in tro duced mod els are the base for es tab lish ment of mac ro eco nomic mod els
of price and mon e tary dy nam ics.

Com paring above sys tems of dif fer en tial equa tions for Keynes ian, Walrasian
and Clas si cal mod els, we can con clude that for the study of mac ro eco nomic sys -
tems, the gen eral ob ject of our in ter est is a sys tem de scribed (in the con tin u ous-time
set ting) by the sys tem of non lin ear first-order (au ton o mous) dif fer en tial equa tions
writ ten in a con densed form as

( ) ( )( )d t

dt
t

x
f x=   with ( )x xt 0

0= (2.4)

whe re the sta te of the sys tem ( )x Rt ∈ 4  and ( )f ⋅  is a con ti nu o us ly dif fe ren tiab le

vec tor fun ction from R4   to je R 4  de fi ned on an open sub set je R 4 . Ob ser ve that (
[ ]. T

de no tes the trans po se)

( )( ) ( )( ) ( )( ) ( )( ) ( )( )[ ]f x x x x xt f t f t f t f t
T

= 1 2 3 4, , ,                    

( ) ( ) ( ) ( ) ( )[ ]
( ) ( ) ( ) ( )[ ]

x t y t r t t p t

p t r t t y t

e T

e T

=

=

, , ,

, , ,

π

π

for the Keynesian model

( ) ( ) ( ) ( )[ ]
for the Walrasian model

the Classical= r t p t t y t
e T

, , , forπ  model
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Re call that x R* ∈ N   is the equi lib rium point of the above sys tem, iff  ( )f x* = 0

and x *  is said to be (as ymp tot i cally) lo cally sta ble if ev ery so lu tion ( )x t  of the con -

sid ered sys tem, start ing suf fi ciently close to x*  con verges to x*  as t → ∞. Sim i larly, 
x * is said to be (asymptoticaly) glob ally sta ble if ( )x xt → *   re gard less the start ing

point x 0. It is well known (cf. e.g. [4] or [18]) that an equi lib rium point (and also
a sta ble point) of the sys tem need not ex ist, hence the sys tem is un sta ble. Re call that
hav ing found equi lib rium points, the sys tem need not con ver gence to some or any of 
the equi lib rium points (in the lat ter case the sys tem is un sta ble). Fur ther more, if  
( )f x  is non lin ear, the con sid ered un sta ble sys tem can also ex hibit limit cy cles (i.e.

its tra jec tory re mains in a bounded re gion). In words, in con trast to unstability or
limit cy cles, sta bil ity is equiv a lent to mono tone or os cil lat ing con ver gence to ward
the equi lib rium point.

In specting (2.1), (2.2), (2.3) it is clear that in the equi lib rium π e* =0 and the equi -
lib rium point 

[ ]
[ ]

x* * * *

* * *

, , ,

, , ,

=

=

y r p

p r y

T

T

0

0

for the Keynesian model

for t

[ ]
he Walrasian model

for the Classical model= r p y
T* *, *, ,0

must be the same for all con si de red mo dels and can be on ta i ned by sol ving the fol lo -
wing set of equ a tions:

( ) ( )
( )

( )

i y r s y r

y r m p

e C y

e s

p

, ,

, –

=

+ =

= ′−

l π (2.5)

3. APPROXIMATION AND LINEARIZATION OF THE MODELS

To find an an a lyt i cal form of the out put ( ) ( )y t Y t= ln , real in ter est rate ( )r t ,
ex pected in fla tion ( )π e t  and the price level ( )p t  we need to as sume that the func -

tions ( )i ⋅⋅,  , ( ) ( )s C⋅ ⋅ ⋅, ,  are of a spe cific an a lyt i cal form.
As usual, the func tions ( )s ⋅⋅,  as well as de mand for money ( )l y R,  can be well

ap prox i mated by lin ear func tions, whereas it is nec es sary to ap prox i mate ( )i ⋅ ⋅,  and
some times also ( )C ⋅  by suit able non lin ear func tions.

In what fol lows, we as sume that sav ings ( ) ( )( )S Y t r t,  can be well ap prox i -

mated by the fol low ing ex pres sion

( ) ( )( ) ( ) ( ) ( )[ ]S Y t r t Y t s s y t s r t, = ⋅ + ⋅ + ⋅0 1 2  with s0 0< , and s s1 2 0, > . (3.1)
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Hence the pro pen sity to save ( ) ( )( ) ( ) ( )( ) ( )s y t r t S Y t r t Y t, , /=  can be writ ten

as

( ) ( )( ) ( ) ( )s Y t r t s s y t s r t, = + ⋅ + ⋅0 1 2 (3.2)

Sim i larly, the de mand for money is de scribed by the tra di tional Keynes ian de -
mand-for-money func tion be ing in the fol low ing form

( ) ( )( ) ( ) ( ) ( )
( ) ( ) ( )  ( )

l l l l l
l l l l

y t R t y t R t t

y t r t t t

e

e e

, –

–

= + − =

= + − +

0 1 2 3

0 1 2 3

π

π π
(3.3)

whe re the pa ra me ters li i> =0 0 1 2 3, , , ,  are gi ven.
On the orther hand, it is con ve nient to as sume that the pro pen sity to in vest 

( ) ( )( )i y t r t,  is a prod uct of  
( )

1
1r t +
and the so-called lo gis tic func tion. Hence the

pro pen sity to in vest is as sumed to be given an a lyt i cally as 

( ) ( )( )
( ) ( )

i y t r t
r t

k

be ay t
, =

+
⋅

+ −

1
1 1

(3.4)

whe re the pa ra me ters k a, > 0 and b is an ar bit ra ry real num ber.
Sim i larly, we shall as sume that the cost func tion ( )C ⋅  is also a lo gis tic func tion

given an a lyt i cally as

( )( ) ( )
C y t h

de
cy t=

+
−

1
(3.5)

whe re the pa ra me ters h c, > 0 and d is an ar bit ra ry real num ber. Hen ce

( )
( )( )

( )
d C y

dy
h

de
cdy

cy t
=

+
−

−
1

2 (3.6)

and we can as su me that the „cen tral“ part of ( )( )C y t  can be well ap pro xi ma ted by

a li ne ar fun ction

( )( ) ( )C y t d d y t= +0 1 (3.7)

Since πe* =0  to cal cu late the val ues y r p* * *, ,  , on in sert ing (3.2), (3.3), (3.4)
and (3.7) into (2.5) we have

1
1 1

0 1 2
r

k

be
s s y s r

ay*
* *

*

+
⋅

+
= + +

−
(3.8)

l l l0 1 2+ − =y r m p
s* * *

– (3.9)

p d d
def

* ln= − = −1 1 (3.10)
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In vir tue of (3.10) from (3.8), (3.9) the equi lib rium val ues y r* *,  can be found as
a so lu tion to

( )( )k

be
s s y s r r

ay1
10 1 2

+
= + + +

− *

* * * (3.11)

( )( ) ( )( )r m d y y m d rs s* * * *– –= + + ⇔ = + +1 1

2
0 1 1

1
1 0 2l l l l l l (3.12)

From (3.11), (3.12) we get

s s
m d

s s y
s

0 2
0

2

1

2
1 2

1

2

+
+







 + +

















l
l l

l
l– *





⋅

⋅ +
+

+








 = ⋅

+ −
1

1

1
0

2

1

2

1

2

l
l l

l
l– *

*

m d
y k

be

s

ay
(3.13)

Hence find ing the so lu tion to (3.13) and in sert ing this value into (3.12) we im me -
di ately get the pair of equi lib rium points y r* *, . We can ob serve that:

1.) (The RHS of (3.13) is the so-called lo gis tic func tion (an in creas ing func tion hav -

ing an in flec tion point at y
a

b=
1

ln  that is con vex in the in ter val 0
1

, ln
a

b





 and

con cave in 1
a

bln ,∞





;

2.) (The LHS of (3.13) is a qua dratic func tion (in fact, for real-life mod els this func -
tion dif fers only slightly from a straight line).

Hence there ex ist at most three, in real mod els usu ally only one, pair(s) of equi -
lib rium points y r y* *, for ≥ 0.

More in sight in the prop er ties of the equi lib rium poinst, es pe cially with re spect
to the sta bil ity, can be ob tained by linearization around the neigh bour hood of the
equi lib rium point ( )y r pe* * * *, , ,π  with π e* =0.

Linearizing we con clude that (2.1), (2.2), (2.3) can be writ ten fol low ing com mon 
form
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( )( )

( )( )

( )( )

( )( )

d x t x

dt
d x t x

dt
d x t x

dt
d x t x

dt

1 1

2 2

3 3

4 4

–

–

–

–

*

*

*

*














( ) ( ) ( ) ( )

( )



















=

∂

∂

∂

∂

∂

∂

∂

∂
∂

∂

f

x

f

x

f

x

f

x
f

x

1

1

1

2

1

3

1

4

2

1

x x x x

x ( ) ( ) ( )

( ) ( ) ( ) ( )

∂

∂

∂

∂

∂

∂
∂

∂

∂

∂

∂

∂

∂

∂
∂

f

x

f

x

f

x
f

x

f

x

f

x

f

x

2

2

2

3

2

4

3

1

3

2

3

3

3

4

x x x

x x x x

( ) ( ) ( ) ( )f

x

f

x

f

x

f

x
4

1

4

2

4

3

4

4

x x x x

∂

∂

∂

∂

∂

∂

∂






























( )
( )
( )
( )



⋅























x t x

x t x

x t x

x t x

1 1

2 2

3 3

4 4

–

–

–

–

*

*

*

*

 (3.14)

whe re

( ) ( ) ( ) ( )[ ] ( ) ( ) ( ) ( )[ ]x t x t x t x t y t r t t p t

p

e
1 2 3 4, , , , , ,=

=

π for the Keynesian model

( ) ( ) ( ) ( )[ ]
( ) ( ) ( ) ( )[ ]

t r t t y t

r t p t t y t

e

e

, , ,

, , ,

π

π

for the Walrasian model

for the= Classical model

The equi lib rium point ( )x x x x1 3 3 4
* * * *, , ,   is sta ble if and only if the sys tem (3.14)

is sta ble, i.e. if all eigenvalues of the ma trix of the sys tem have neg a tive real parts.
In par tic u lar, on em ploy ing (3.8), (3.9), (3.10) for the Keynes ian model we have:

( )( )

( )( )

( )( )

( )( )

d y t y

dt
d r t r

dt
d t

dt
d p t p

dt

e

–

–

–

*

*

*

π



























( ) ( )
( )








=
− − +

α α
β β β β

γ γ
δ

D s D s

d
d

y r– –

–

1 2

1 2 2 3

1
2

1

0 0

0 0
0 0 0

l l l l
( )
( )

( )
( )

2



















⋅























y t y

t t r

t

p t p

e

–

–

–

*

*

*

π

 (3.15)

whe re 

( )D
r y

k

be
D

r r
k

be
y

r r ay
y y

r
r r

t=
+

⋅
∂
∂ +

=
∂
∂ +

⋅
+= −

=
= −

1
1 1

1
1 1*

*
*

, ( )ay
y y

t

= *

.

So we have

( ) ( )
D

r
kabe

be
D

r

k

be
y

ay

ay
r ay

=
+

⋅
+

= −
+

⋅
+

−

− −

1
1 1

1

1 1
2 2* *

*

*
*,
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whe re from (3.13)

k s s
m d

s s y
s

= + −
+


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 + +
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STOCHASTIC COSTS IN THE TRAVELING
SALESMAN PROBLEM

PETR KUČERA, MARTINA BERÁNKOVÁ, MILAN
HOUŠKA, JAROSLAV ŠVASTA

Ab stract Sol ving the tra ve ling sa les man prob lem we of ten need to use the time as
the ob jec ti ve fun ction. But the time spent by a sing le rea li za tion of trans -
port on a gi ven ro u te may dif fer de pen ding on the ac tu al traf fic si tu a tion.
So it has a sto chas tic cha rac ter. Using this po int of view, the eva lu a tion of
a par ti cu lar ro u te con sists of two com po nents: the pro per time (me a ning
e.g. its ex pec ted va lue) of the trans por ta tion and the re lia bi li ty (pro ba bi li -
ty) that a gi ven time will not be ex ce e ded. So we have two cri te ria, i.e.
a mul ti plec ri te ria task is ob ta i ned.
Ho we ver, the met hods for sol ving the tra ve ling sa les man prob lem can not
usu al ly be as so cia ted with the sto chas tic ap pro a ches and the mul ti plec ri -
te ria met hods. This con tri bu tion shows, that the ite ra tion met hods for the
tra ve ling sa les man prob lem are su i tab le to be mo di fied for this pur po se
and one ver sion is ap plied here on se ve ral test in stan ces.

Ke y words: tra vel ling sa les man prob lem (TSP), sto chas tic mo dels, mul ti plec ri te ria
prog ra mming, ite ra tion met hods for the TSP.

1. INTRODUCTION

The orig i nal trav el ling sales man prob lem (TSP) is the task on how to make a cir -
cuit of given points (cit ies, places etc.) with the min i mum cost (or dis tance, as sum -
ing that the cost de pends pro por tion ally on dis tance). In prac tice, the re quire ment to
re al ize trans por ta tion by a given dead line or in the short est pos si ble term of ten ap -
pears, e.g. in ac tiv i ties of the de liv ery firms or in the case of ag ri cul tural or gro cery
prod ucts which quickly go bad etc. The trans por ta tion time is sub ject to ran dom in -
flu ences, e.g. traf fic jams and ac ci dents, weather con di tions in clud ing el e men tal ca -
lam i ties, wait ing for the check out at the state bor der etc. Thus the nec es sary time for 
pass ing a given route may be seen as a sto chas tic quan tity and it is well-founded to
in ter est in the TSP with the cri te ria of the sto chas tic char ac ter. This con tri bu tion
con tains a pro posal of an ap proach for solv ing such prob lems and a trial to test it.



2. HANDLING THE STOCHASTICITY OF COSTS

The dis tri bu tion of prob a bil i ties for the time of trans por ta tion be tween a par tic u -
lar pair of points (cit ies) is hard to de ter mine. Thus we ap ply an anal o gous ap proach
like in the PERT method. Let us sup pose that for each of these pairs the trans por ta -
tion time is a ran dom value with beta-distribution and the most prob a ble (i.e. mo -
dus), op ti mis tic and pes si mis tic time are known. Let Cm, Ca , Cb de note the ma tri ces
of these most prob a ble, op ti mis tic and pes si mis tic es ti ma tions, re spec tively. Let C
de notes the ma trix of ex pected val ues of these times and S the ma trix of their dis per -
sions. So if the ran dom value rep re sent ing the time spent by trans por ta tion from the
point i to the point j is tij, then the el e ments of ma tri ces C and S means [ ]c tij ij=E

and [ ]s tij ij=σ2  and us ing the stan dard no ta tion for ex pected value and dis per sion.

We can com pute ma tri ces C and S from Cm, Ca  and Cb ap ply ing well known re -
la tions among the char ac ter iza tions of beta-distribution:

c
c c c

ij
ij
a

ij
m

ij
b

=
+ +4

6
,

( )
s

c c
ij

ij
b

ij
a

=
−

2

36
.

Now let us con sider a par tic u lar fea si ble so lu tion to our prob lem, i.e. some cir cu -
lar route go ing through all given re quired points. We can look onto at tour like a pro -
ject solv able by the PERT method. Ac tiv ities are sin gle legs be tween two points in
suc ces sion. The net work rep re sent ing this sit u a tion looks very sim ple: it is a path.
As suming that cost is an in de pend ent quan tity, the ex pected value or the dis per sion
of the ob jec tive func tion for a given so lu tion is equal to the sum of the ex pected val -
ues or of the dis per sions, re spec tively, i.e.

[ ]
( )

E t ci j
i j S

0 =
∈

∑
,

,

[ ]
( )

σ t si j
i j S

0 =
∈

∑
,

,

where S is the set of all such (or dered) pairs of points (cit ies) that the lat ter point
im me di ately fol lows the for mer one on the sub jected route.

If we want to catch to go through the whole route un til a given time d, we can use
the re la tion for the stan dard ized vari a tion u of ran dom value t0 with the nor mal dis -
tri bu tion

[ ]
[ ]

u
d t

t
=

− E
2

0

0σ

Stochastic Costs in the Traveling Salesman Problem 127



and find the pro ba bi li ty of ke e ping this term in the tab le of the dis tri bu tion fun ction
of the stan dar di zed nor mal dis tri bu tion.

3. MULTIPLECRITERIA NATURE OF THE STOCHASTIC TSP

Any fea si ble so lu tion of the sto chas tic TSP may be eval u ated ac cord ing to two
cri te ria: the proper time (e.g. its ex pected value, the most prob a ble value etc.) and
the re li abil ity (the prob a bil ity that a given re quired time for pass ing the route will
not be ex ceeded). The sit u a tion is even more com pli cated than in the case of the
clas si cal multiplecriteria pro gram ming. The val ues of the cri te ria de pend re cip ro -
cally to one of an other. One of them may be cho sen and the re main ing one com puted 
for any such choice. Of course, this prop erty does not im ply any ob struc tion for the
ap pli ca tion of the re place ment of one of these cri te ria by the con straint.

This method of re place ment of the ob jec tive func tion (cri te rion) by the con -
straint trans forms the task with two cri te ria to one with only one cri te rion by the fol -
low ing way: Let F1 be the cri te rion which is to be re placed by a con straint. Let it be a 
max i mized cri te rion, fmax its op ti mal value and fmin its min i mal value. Then some
value ( )f f f*

min max,∈  is cho sen (as the com pro mise value which the user is ready

to ac cept) and the cri te rion F1 is re placed by the con straint F f1 ≥ *  added to the
coinstrant sys tem of the model.The lat ter cri te rion, say F2, re mains to be op ti mized.
This method is de scribed more pre ciously in [1].

Ap plying this method for the sto chas tic TSP, we re place the cri te rion of re li abil -
ity by the con straint. The re quired re li abil ity f* hav ing been cho sen, the time of
pass ing any fea si ble so lu tion is uniquely de ter mined. In the orig i nal ver sion of the
method the new added con straint is an in equal ity. Nev er the less, be cause for any par -
tic u lar tour, de creas ing the re quired time for go ing through it, the re li abil ity de -
creases, too, an equa tion may be used in stead the in equal ity. Thus the use of this
method is cor rect.

4. ITERATION METHODS FOR SOLVING THE TSP

For solv ing the sto chas tic TSP it er a tion meth ods for the TSP, e.g 2-opt, 3-opt, Or 
method (Or-opt), Lin-Kerninghan method, may be mod i fied. In the orig i nal ver sion
each of these meth ods de fines a neigh bour hood, it means a set of the neigh bour fea -
si ble so lu tions, for ev ery fea si ble so lu tion. This set is ei ther a given con stant (in the
most of these meth ods) or the method cre ates it in each it er a tion ac cord ing to the
prop er ties of the so lu tions which has al ready been in cluded into the neigh bour hood
(in Lin-Kerninghan method). These meth ods com pare the ini tial so lu tion for a given 
it er a tion with all so lu tions in its neigh bour hood and if there are some better ones
(with the lower value of the ob jec tive func tion) among them, then one of them is
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cho sen as the ini tial for the next it er a tion, if not, then the com pu ta tion is fin ished and 
this so lu tion is con sid ered the fi nal one. A large over view of meth ods for solv ing the 
TSP in de tails (in clud ing these it er a tion meth ods) is given in [2].

Hav ing given the sto chas tic TSP and us ing the ap proach de scribed in chap ter 2,
we can ap pre ci ate the qual ity of so lu tions in the neigbourhood of one cur rently be -
ing ini tial in the used it er a tion method. We can do it even ac cord ing both the cri te ria
men tioned in chap ter 3 in the same time. This is the way, to mod ify these it er a tion
meth ods for the sto chas tic TSP.

We use a mod i fi ca tion of the 2-opt for test ing this ap proach in the next chap ter.
Now we can de scribe its ver sion for the clas si cal TSP with the sym met ric cost ma -
trix. Let the ini tial cy clic tour is given and ( )τ i  de notes the point im me di ately fol -
low ing af ter the point i. Find a pair of dif fer ent points i, j so that the ex pres sion 

( ) ( ) ( ) ( )c c c c
i i j j ij i jτ τ τ τ

+ − − ac quires the max i mum pos si ble value. If it is
nonnegative then it is im pos si ble to make the route better by chang ing two legs on it. 
In this case the al go rithm is ter mi nated and the tour is de clared to be a re sult ing so lu -
tion. In the op po site case the route is re paired as fol lows: Using no ta tion

τ τ( ) , , ( ) , ,i l j l l l t uu t t= = = = −+1 1 1 1  for  …
as sign

τ τ τ τ( ): , ( ) ( ), ( ) , ,i j l j l l t ut t= = = =−1 1 2  for  …
Then ap ply the pro ce dure above with this new tour (and re peat it un til the value

of the above in tro duced ex pres sion is nonnegative).

5. TEST COMPUTATIONS AND THEIR RESULTS

Test in stances of the sto chas tic TSP were ran domly gen er ated the fol low ing
way: In a cir cle with the ra dius 100 km ly ing in a Eu clid ian plane E2 twelve points
were ran domly cho sen with the uni form prob a bil ity dis tri bu tion. Then the ac ces si -
bil ity (e.g. al ti tude, the qual ity and ”straight ness” of roads in its sur round ings etc.)
was de ter mined for each point, again uni formly ran domly and from an in ter val with
the lower bound equal to zero and the up per bound di rectly pro por tional to the dis -
tance of the point from the cen tre of the cir cle. This value was taken as the third co -
or di nate of the point in a 3-dimensional Eu clid ian space E3 and the (road) dis tance
be tween any two points was de fined as their Eu clid ian dis tance in this space E3. For
each point the us able av er age speed of trans port in its sur round ings was gen er ated
uni formly ran domly from the in ter val from 40 to 110 km per hour. The av er age
speed on the road be tween two points was com puted as the har monic av er age of the
speeds in their sur round ings. The time spent by us ing this speed was con sid ered to
be the most prob a ble and so the ma trix Cm (cf. chap ter 2) was ob tained. The ma trix
of the op ti mis tic es ti mates of time was set C

a
 = 0.9·C

m
. El e ments of C

b
 were gen er -

ated uni formly ran domly from the in ter vals which lower bound for each route be -
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tween two points was the cor re spond ing el e ment of Cm and the up per bound was the
time nec es sary for pass ing the short est de tour through some third point.

Five in stances were gen er ated by this way. They were solved as clas si cal TSP’s
by Christofides method us ing the cost ma trix C. This al go rithm was cho sen be cause
it has the best known math e mat i cally proven ra tio zcomp/zopt  among all meth ods for
solv ing TSP, where zcomp  and zopt  de note the com puted and the (math e mat i cally) op -
ti mal value, re spec tively.

Then the re quired re li abil ity was set to 95 p.c. This from this mo ment times 

[ ] [ ]d t u t= +E 0 0

2σ

(using no ta tion in chap ter 2) were con si de red to be costs (i.e. u ≈1 65, ) for the gi ven
re lia bi li ty and the 2-opt al go rithm was ap plied.

From these five cases in all of them a route was found, which was ac ces si ble with 
95 p.c. prob a bil ity in a shorter time than the ini tial one found by the Christofides
method us ing the cost ma trix C.
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SINGLE-PERIOD INVENTORY ANALYSIS -
DIFFERENCES BETWEEN MATHEMATICAL

MODELS AND SIMULATION MODELS 

MARTINA KUNCOVÁ

1. INTRODUCTION

In ven tory op ti mi sa tion and in ven tory con trol be long to the most im por -
tant fields in busi ness com pa nies. In case no ap pro pri ate soft ware is avail able, man -
ag ers must es ti mate the or der quan tity and or der time them selves, mostly on the
ba sis of their in di vid ual knowl edge of cus tom ers' be hav iour. Now a days, when it is
nec es sary to be very quick and per fect in re ac tion to the cus tomer's de mand, this ap -
proach seems to be in suf fi cient. Of course the best way is to use some spe cial soft -
ware, but cor re spond ing cost of it may be quite sig nif i cant and ad di tion ally, the
in stal la tion of such sys tems may re quire rad i cal changes in com pany's struc ture. It
also can take a year or more to in stall. Even big firms should con sider buy ing the ex -
pen sive soft ware spe cial ized just on the par tial prob lems in com pany's op er a tions. 
How ever, as it will be shown later, us ing stan dard spread sheets (e.g. MS Ex cel) is
suit able ac cess to solve the com pany's prob lems. There are two pos si bil i ties how to
man age the in ven tory - an a lyt i cally, us ing math e mat i cal model or to use a sim u la -
tion. The com par i son of these two ap proaches is dis cussed in this pa per on case of
the sin gle-period de ci sion in ven tory model. 

2. THE NEWSBOY PROBLEM - DEFINITION

The sin gle-period de ci sion in ven tory model is usu ally called "The News -
boy Prob lem" or "The Christ mas Tree Prob lem" and it be longs to the sto chas tic in -
ven tory mod els. The model re fers to the sit u a tions in which only one or der is placed
for the con sid ered time pe riod. At the end of the pe riod the in ven tory might be out of 
stock or there might be a sur plus of units and for these cases there is a pen alty as so ci -
ated with over stock or stockout. This is the case of sell ing sea sonal goods such as
Christ mas trees, Christ mas cards, bread, fruits, flow ers, news pa pers, etc In case of
the news boy who sells news pa pers on the street, the de mand is un cer tain, and he
must de cide how many pa pers to buy from his sup plier. If he buys too many pa pers,
the un sold ones have no value at the end of the day or week (or nearly no value) and
it means a loss for him. If he buys less pa pers than there will be de manded, he has
lost the op por tu nity of mak ing higher profit. 



3. MATHEMATICAL MODELS
FOR THE "NEWSBOY PROBLEM"

3.1 Model I

3.1.1 Def i ni tion 

Con sider the prob lem with 
Ø a sin gle com mod ity
Ø a sin gle op por tu nity to re plen ish the in ven tory
Ø a de mand which is ran dom with known dis crete prob a bil ity dis tri bu -

tion. 

Fur ther no ta tions:
D = de mand in units (each quan tity has as so ci ated non-zero prob a bil i ties)
Q = or der quan tity
Sp = sell ing price
Cp = pur chase cost (Cp < Sp)
Sv = sal vage value (Sv < Cp) = sell ing price for any in ven tory re main ing af ter

de mand has oc curred
Cu = unit cost of un der-ordering (short age cost) Cu = Sp – Cp
Co = unit cost of over-ordering (over age cost) Co = Cp – Sv
px  = prob a bil ity dis tri bu tion of de mand

( )p P D xx ≡ = ,  ( ) ( )F x P D x≡ ≤

TC = to tal cost

 ( ) ( )
( )

TC Q Co Q D D Q,

Cu D Q D Q

= ⋅ − ≤

= ⋅ − ≥

;

;

To tal cost is a ran dom vari able with ex pected value:

 ( ) ( )( )TC Q E TC Q
Q 0

= =
≥

min

The in fer ence of the op ti mal or der (in ven tory level):

 
( ) ( )( )

( ) ( )

TC Q E TC Q

Co Q x p Cu x Q p Q= 0,1,
x 0

Q

x
x Q

x

= =

= ⋅ − ⋅ + ⋅ − ⋅ =
= =

∞

∑ ∑ min ; 2,…

( ) ( ) ( )TC Q +1 Co Q +1 x p Cu x Q 1 p
x 0

Q 1

x
x Q +1

x= ⋅ − ⋅ + ⋅ − − ⋅
=

+

=

∞

∑ ∑
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The dif fer ence be tween the pre vi ous for mu las is: 

( ) ( )

( ) ( )( )

TC Q +1 TC Q Co p Cu p

Co F Q Cu F Q

x
x 0

Q

x
x Q+1

− = ⋅ − ⋅ =

= ⋅ − ⋅ − ≥
= =

∞

∑ ∑
1 0

( ) ( ) ( ) ( )( )TC Q TC Q 1 Co F Q Cu F Q− − = ⋅ − − ⋅ − − ≤1 1 1 0

( ) ( )F Q Cu
Co+Cu

F Q* *− ≤ ≤1 Cu
Co +Cu

service  level=

So the op ti mal or der quan tity Q* can be cal cu lated as fol lows:

Q F Cu
Co Cu

* =
+







−1

 3.1.2 Ex am ple and cal cu la tion ac cord ing to the in ven tory model I

Con sider a re tailer who sells Christ mas trees. Be fore Christ mas time he
pur chases spruces, each at a cost of 65 CZK per one me ter of the tree. The sell ing
price is 100 CZK per one spruce one me ter high. If the stockout oc curs, the re tailer
can not re or der. In case of over stock, he can sell each spruce for 20 CZK per me ter to
a fac tory (for other pro cess ing - as a com bus ti ble wood). Based on his tor i cal data the 
prob a bil ity dis tri bu tion of de mand is known (Ta ble 1). The re tailer would like to
know how many spruces should be pur chased.

Ta ble 1

Demand 0 5 10 15 20 25 30 35

Probability 0,01 0,05 0,12 0,2 0,35 0,15 0,11 0,01

F(x) 0,01 0,06 0,18 0,38 0,43 0,88 0,99 1

Cu = Sp Cp = CZK− − =100 65 35 

Co = Cp Sv = CZK− − =65 20 45 

Cu
Co + Cu

=
+

=35
45 35

0 4375, ( ) ( )P x P x≤ = < < = ≤15 0 38 0 4375 0 73 20, , ,

( )TC 15 CZK= 234 75,  ( )TC 20 CZK= 211 75,  

Ex pected value of the to tal cost in case the re tailer or ders 20 spruces is
lower in com par i son with the case of the or der of 15 spruces, so for min i mal cost it is 
better to pur chase 20 trees. Cal cu lating the ex pected profit, the sit u a tion is the same
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(the ex pected profit for 15 spruces is 425 CZK, for 20 trees it is 448 CZK which is
better).

3.1.3 Sim u la tion of the in ven tory model I

Let's now try to solve the same ex am ple but us ing sim u la tion meth ods.
Sim u la tion is the im i ta tion of the op er a tions of a real-world pro cesses or sys tems
and is mostly used for the de scrip tion and anal y sis of the be hav iour of a sys tem. The
base el e ments of the sim u la tion are in de pend ent ran dom num bers that are dis trib -
uted con tin u ously and uni formly be tween 0 and 1. In MS Ex cel we ob tain these
num bers us ing the func tion RANDOM()1. These num bers can be con verted to the
de sired sta tis ti cal dis tri bu tion us ing var i ous meth ods.  

As it has been men tioned above, de mand var ies from 0 to 35 with given
prob a bil i ties. To com ply with it, let's cre ate a ta ble with 100 val ues where 0 is in -
volved once, num ber 5 is there five times etc. (ac cord ing to the prob a bil i ties). Then
the de mand is gen er ated from this ta ble by the func tion INDEX, which picks out
given row and col umn from the ta ble (or ar ray). For the de scrip tion of the row the
func tion RANDOM() is used as fol lows:

=RANDOM() * 100 +1 2

That means that we want to find (ran domly) any row be tween 1 and 100.
Now the de mand is gen er ated.

The sec ond step is to cal cu late profit or cost. Let's cal cu late the profit.
We can use Cu and Co as be fore but now in Ex cel in the func tion IF. So the for mula
is: 

=IF(Q<D;Q*Cu;D*Cu+(D-Q)*Co) 

(Ev i dently in stead of the names of the vari ables and con straints the ref er ences to the
cor re spond ing sells must be ap plied.)

Finally it is pos si ble to gen er ate the de mand again and again (us ing the
F9 key) and watch the changes of the profit. But the more el e gant way is us ing Data
Ta bles where the first row is con structed of var i ous pos si ble or ders, first col umn
con tains at tempt num bers and in the up per left cor ner the ref er ence to the profit for -
mula is en tered. Via "Tools" and "Data ta ble" this ta ble is quickly filled by re cal cu -
lated prof its for the given or der us ing gen er ated de mand. The re sults are in Ta ble 2.
As you can see, the best al ter na tive ac cord ing to the av er age profit is also 20
spruces. But it is not all. The ta ble shows var i ous pos si bil i ties that may hap pen, so it
is pos si ble to re view the sit u a tion, and maybe take a dif fer ent de ci sion.
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In the Czech version of MS Excel this function is called NÁHCÍSLO()

2 In this case of row selection it is not necessary to generate integer values



Ta ble 2

profit / orders 700 0 5 10 15 20 25 30 35

number of test

1 0 175 350 525 700 -325 650 25

2 0 175 350 525 700 875 -550 -375

…… …… …… …… …… …… …… …… ……

499 0 175 350 525 700 75 250 -775

500 0 175 350 525 -900 475 650 25

Average profit 0 168.6 320.4 428.2 448.8 277.4 135.6 -75.8

Min. profit 0 -225 -450 -675 -900 -1125 -1350 -1575

Max. profit 0 175 350 525 700 875 1050 1225

3.2 Model II

3.2.1 Def i ni tion

Con sider the prob lem with 
Ø a sin gle com mod ity
Ø a sin gle op por tu nity to re plen ish the in ven tory
Ø a de mand which is nor mally dis trib uted with known µ and σ

All the as sump tions and no ta tion are the same as be fore. Only for de ter mi na tion of
the small est or der quan tity that pro vides given ser vice level, we have to use the fol -
low ing re la tion ship:  Q* = µ + σ Z
where Z is the stan dard nor mal prob a bil ity dis tri bu tion value that can be ob tained in
MS Ex cel us ing NORMSINV func tion with the pa ram e ter equal to the ser vice level.

3.2.2 Ex am ple and cal cu la tions of the in ven tory model II

The flo rist pur chases roses for 25 CZK per unit and sells them for 45
CZK per unit. If the roses are not sold dur ing a day, the price has to be re duced to 20
CZK per unit for the next day. If there is no spe cial oc ca sion, the usual de mand is
200 roses with stan dard de vi a tion of 50 ones. How many roses should be or dered?

Cu = Sp Cp = CZK− − =45 25 20 

Co = Cp Sv = CZK− − =25 20 5 

Cu
Co + Cu

=
+

=
20

5 20
0 8, ( )NORMSINV 0 8 0 841621, ,=

Q* = µ  + σ Z = 200 + 50*0,841621 = 242,08

The op ti mal or der ac cord ing to the given data is 242 roses.
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3.2.3. Sim u la tions of the in ven tory model II

Now it is nec es sary to gen er ate a de mand that fol lows nor mal dis tri bu -
tion with given mean and stan dard de vi a tion. It is done by the func tion
NORMINV(prob a bil ity;mean,;std.dev), where the func tion RANDOM() is used as
the prob a bil ity, so the for mula in MS Ex cel is:

=NORMINV (RANDOM();200;50)

Again it is better and quicker to use Data Ta ble. The only prob lem is how
to set the or ders. Af ter few sim u la tions it was clear that the in ter val be tween 230 and 
270 units is suf fi cient (and the dif fer ence of 5 units be tween two or ders is ir rel e -
vant). But now the sim u la tion does not fully con firm the re sults of the math e mat i cal
model. The av er age profit ranges be tween 3100 CZK and 4100 CZK but it is not
pos si ble to de ter mine the op ti mal or der. In Chart 1 the av er age prof its for ten dif fer -
ent sim u la tions and for the given or ders are dis played. The or der of 240 or 245 roses
was the best only in 3 cases. Even in one sim u la tion it seemed that it would be the
worst choice be cause of the profit of only 50 CZK. So in sit u a tions like this the de -
scrip tion of the de mand dis tri bu tion should be more ac cu rate to ob tain more re li able
re sults.

  Chart 1  - Av er age prof its for var i ous or ders in 10 sim u la tions
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4. CON CLU SION 

The two con cep tions de scribed above are both avail able for the sit u a -
tions where only one or der in one time pe riod is pos si ble. The an a lyt i cal ap proach is
more suit able for the case with known dis crete prob a bil ity dis tri bu tion of de mand
(model I) but still it is nec es sary to know the def i ni tion of the math e mat i cal model
and the enu mer a tion. On the other hand, sim u la tion is ad vis able for more com pli -
cated sit u a tions. It is nec es sary to ob tain a lot of in for ma tion and to de fine de mand
dis tri bu tion pre cisely. Easier so lu tion in a spread sheet (hav ing no knowl edge of the
math e mat i cal meth ods) can be the ad van tage of the sim u la tion as well as no ad di -
tional in vest ment in the spe cial soft ware. 
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DEBT OVERHANG AND ECONOMIC GROWTH:
AN ECONOMETRIC EXPLORATION

MENBERE WORKIE

Ab stract This pa per lo oks at whet her ex ter nal debt and ca pi tal flight co uld be po -
ten tial ex pla na tions for growth rate dif fe ren ces ac ross the de ve lo ping wo -
rld. Al tho ugh the re is a wide-ranging of the o re ti cal li te ra tu re on this is sue, 
the re are only few em pi ri cal stu dies that show that the re is an in ver se re la -
tion ship bet we en growth and ex ter nal im ba lan ces. The cri ti cal in no va tion
of this pa per is the em pi ri cal ex plo ra tion on the im pacts of ex ter nal debt
on growth once to tal debt stock is de com po sed ac cor ding to so ur ce and
ma tu ri ty struc tu res. 

1. INTRODUCTION

It is now ap par ent that least de vel op ing coun tries (LDCs) in gen eral and
Sub-Saharan Af ri can coun tries (SSA) in par tic u lar have been marginalized and by -
passed by the pro cess of glob al iza tion. The de te ri o ra tion in in come per ca pita
growth for SSA is re mark able. The growth in per ca pita for SSA was wors en ing
from de cade to de cade, and be com ing worst in the last two de cades. The growth in
per ca pita in come that was around 1.9% in the 1960s de clined to around 1.1% in the
1970s, to 0.05% in the 1980s and to 0.04% in the 1990s.The fig ures turned even
worse when one takes a lon ger time ho ri zon. The growth rate of per ca pita in come
dur ing the pe ri ods (1970-2000) and (1980-2000) were in deed neg a tive. This is in
con trast to a 2.8% growth for the whole world in the 1960s, 2.2% in the 1970s, to 1% 
in the 1980s, and to 1.3% in the 1990s. More over, many em pir i cal stud ies show the
phe nom e non of di ver gence in real per ca pita growth across the world econ omy at
large, hence the poor get ting poorer while the rich get ting richer, even tu ally in creas -
ing the dis per sion of in come per ca pita across coun tries and over time. Such em pir i -
cal stud ies also point out that the de gree of di ver gence in real in come per ca pita was
worse in the 1980s and 1990s as op posed to the 1960s and partly the 1970s. This
very ques tion has in fact drawn the at ten tion of many econ o mists across the globe.
The poor per for mance (misperformance) of Sub-Saharan Af rica or “Af rica‘s
growth trag edy” as East erly (2000) cor rectly puts it, has been ex plained from var i -
ous fronts. The po ten tial fac tors range from bad pol i cies and ex ter nal shocks
(Hadjimichael, et al, 1995; and Rodrik, 1999, among oth ers), to eth nic
fractionilization (East erly, 2000, among oth ers), to gen der in equal ity in ed u ca tion
(Klasen, 2002), and to geo graphic lo ca tion (Sachs, et al 1998), among oth ers. 



There fore, in this pa per, I ar gue that though the is sues of pol icy, ed u ca tion, ge og -
ra phy and eth nic ity are im por tant de ter mi nants of long-term growth, they fail to pro -
vide full ex pla na tion of why growth rate dif fer ences across coun tries were so
dra matic in the 1980s and 1990s as com pared to the de cades ear lier. In this con text,
there is a wide spread con sen sus that the 1980s have been con sid ered by many as the
“lost de cade” for Af rica and Latin Amer ica in terms of growth and de vel op ment.
Singer (1990, in: Healey, 1995), for ex am ple, ex presses Sub-Saharan Af rica as the
re gion that is con verg ing to ac quire the char ac ter of a marginalized ‘Fourth World’,
in creas ingly rec og nized as re quir ing spe cial ac tion and cri te ria. In the same to ken,
the 1980s had been far from fa vour able for Latin Amer i can coun tries.1  The prime
sus pects in this re gard are ex ter nal im bal ances that in fact be come car di nal is sues in
the en tire de vel op ing world no ta bly those in SSA. This is sue be comes even more
aparent given the truth that 33 of the 41 coun tries char ac ter ized by the World Bank
and IMF as heavily in debted poor coun tries (HIPCs) are lo cated in Af rica. This pa -
per, there fore, will rather fo cus on the ex tent to which ex ter nal im bal ances have ac -
counted for growth-rate dif fer ences across the de vel op ing world in the past two
de cades. 

2. THE EXTERNAL IMBALANCES-GROWTH NEXUS: A REVIEW 
OF THEORETICAL LITERATURE

In gen eral, it is quite clear that LDCs have strong in cen tives to bor row over seas
in or der to fi nance their do mes tic in vest ment, which is in dis pens able to achieve eco -
nomic growth.2 Part of the rea son is that since poor coun tries are far away from their
steady states, any in vest ment in jec tion could lead them to have ac cel er ated eco -
nomic growth. Though this is gen er ally true, it turns out that cap i tal in flows in the
form of ex ter nal debt to LDCs en hance growth only to a cer tain limit. Once debt gets 
big ger and be comes un man age able (un sus tain able), it rather be comes a ma jor
destabilizing fac tor and a se ri ous bot tle neck to long-run eco nomic growth. More -
over, as long as scarce re sources are not wisely in vested in pro jects that have the ex -
pected re turns higher than the cost of for eign debt, they may en dan ger the long term
growth pros pect of the coun try un der con sid er ation and leads to low eco nomic
growth, higher de mand for ex ter nal debt and more ex ter nal im bal ances. 

The ex ter nal debt-growth lit er a ture points out var i ous mech a nisms through
which debt is trans lated into slug gish eco nomic growth. One of the chan nels in this
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1
"Not long ago, La tin Ame ri can co un tries se e med to be con dem ned to a life of des pa ir. Du ring the 1980s, af ter
the on set of the debt cri sis, growth ra tes, which du ring the 1970s os cil la ted aro und 6% col lap sed to an ave ra ge
1.8%. From the per spec ti ves of the 1980s, even fu tu re growth pro spects were clo u ded by a sharp drop in the
sha re of ca pi tal for ma tion from abo ut 20% in the 1970s to abo ut 16% in the ye ars fol lo wing 1982" (WEO, Oct.
1993, in: Ka min sky, et al. 1996, p. 1)

2  As many ar gue, the USA in the 19th Cen tu ry, The Mar shall Plan for a war-torn Ger ma ny and East Asian co un -
tries in re cent pe riods are all ca ses in po int whe re fo re ign ca pi tal was trans la ted into long-run eco no mic growth.



re spect is the so-called the debt over hang hy poth e sis. This the ory sug gests that once
it be comes ap par ent that there is a real threat that the fu ture to tal debt stock of a
coun try will be much larger than the coun try’s re pay ment po ten tial, the ex pected
debt ser vice will be an in creas ing func tion of the coun try’s out put level (Pattillo, et
al. 2001, Claessens, 1996, among oth ers).

As the re sult the ex pected rate of re turns from pro duc tive in vest ments in such an
econ omy will be low as the sig nif i cant por tion of any sub se quent eco nomic prog ress 
will be eaten up by cred i tors, which fur ther re duces both do mes tic and for eign in -
vest ments and even tu ally down sizes eco nomic growth (Krugman, 1988, Sachs,
1989a, among oth ers).

The prem ise that debt to a cer tain limit, if wisely uti lized and prop erly man aged,
plays a piv otal role in en hanc ing long run eco nomic growth but re tards it if its level
is in creas ing over time is gen er ally linked to the so-called the debt laffer curve.3 The
debt over hang prob lem is linked to the trans fer of re sources from cap i tal scarce to
cap i tal sur plus coun tries. In this re spect, Krugman (1988) de fined debt over hang as
”the pres ence of an ex ist ing in her ited debt suf fi ciently large that cred i tors do not ex -
pect with con fi dence to be fully re paid” (p.254).

Claessens and Diwan (1990) ar gue that ”debt over hang is a sit u a tion in which the 
illiquidity ef fect, the dis in cen tive ef fect, or both ef fects are strong enough to dis -
cour age growth in the ab sence of con ces sions by cred i tors” (p. 31). This is also
known as a ”nar row” def i ni tion of the debt over hang where the im pact of a high ex -
ter nal debt that is linked to the tax dis in cen tives ar gu ment, where any suc cess in in -
debted coun try’s eco nomic per for mance is taxed away by cred i tors and ul ti mately
lit tle is left over for do mes tic in vest ment and sub se quent growth (Hjertholm, 2001).

2. 1. A FORMAL THEORETICAL MODEL OF THE DEBT
OVERHANG HYPOTHESIS

Most the o ret i cal mod els of the debt over hang hy poth e sis start from the same as -
sump tion (a two pe riod model) where a coun try is as sumed to have car ried over
from the pre vi ous pe riod some amount of ex ter nal dent, D, which must be paid in the 
fi nal pe riod.4

Re pay ment (R) is given by:

( )R D Y C= −min ,
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3
 The debt laf fer cur ve ar gu ment (which was ap pa ren tly in tro du ced by Jef frey Sachs) is de ri ved from the tax laf -
fer cur ve hy po the sis in tro du ced by Ar thur Laf fer (1981), who ar gu es that if per so nal tax ra tes were ra i sed, they
ge ne ra te a dre ad ful im pact on go ver nment tax re ve nue. The re a son is that high tax ra tes eit her sim ply dis co u ra -
ges in ves tment or le ads to tax eva sion.

4  This pa per fol lows the debt over hang hy po the sis mo del by Bo ren szte in (1990). Si mi lar ap pro a ches may be 
fo und in Age nor and Mon tiel (1996), and Krug man (1988), among ot hers.



whe re,
D – ini tial amo unt of debt,
Y – out put, and
C  – fi xed amo unt of out put that the deb tor co un try can al wa ys keep for con sum ption.

The model also as sumes two states of na ture: a fa vor able state (G) and an un fa -
vor able one (B), where pro duc tiv ity is ex pected to be higher in the for mer and lower
in the later states of na ture, re spec tively. As suming that Y is a func tion of in vest -
ment car ried out in the first pe riod, given the state of na ture: ( )Y f IS S= θ , where, s

stands ei ther for G or B al ter na tively. The model also as sumes that there is a phys i cal 
up per limit to in vest ment I , and that there is no over lap of out put as the two states
are so dif fer ent, which im plies that ( ) ( )θ θB Gf I f≺ 0 .

Then, a coun try ex pe ri ences a debt over hang if D Y CBf −  be cause there are not 
enough re sources to be sur ren dered for fully ser vic ing the con trac tual debt ob li ga -
tion in a bad state (B). The debt over hang, there fore, cre ates a dis in cen tive ef fect on
do mes tic in vest ment. If we have the sit u a tion whereby Y C D Y CB G− −≺ ≺ , then
debt is ser viced in full dur ing fa vor able time. In con trast, dur ing un fa vor able time,
debt is ser viced only the amount that is left over from the avail able out put af ter the
fixed con sump tion is taken out.

Fol low ing this model, for the debtor coun try, the mar ginal re turn that it re ceives
for ev ery ad di tional in vest ment is p fG

Iθ where p  is the prob a bil ity of the oc cur -
rence of fa vor able sit u a tion for higher pro duc tiv ity. In con trast, if debt over hang
was not at the stake, the ex pected mar ginal re turn out of ev ery unit of in vest ment
would be sub stan tially larger: ( )p f p fG

I
B

Iθ θ+ −1 .

The model also sug gests that if D Y CGf − , the re turn to in vest ment would be
zero and there fore, a debtor coun try does not have any rea son what so ever to com mit
ad di tional re sources for boost ing in vest ment.5

2. 2. THE EMPIRICAL MODEL AND DATA DESCRIPTION
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where, T is the length of time un der con sid er ation. 
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5 This is con sis tent with all the em pi ri cal and the o re ti cal li te ra tu res on debt over hang (Des hpan de,
1997), Cla es sens, et, al. (1996), El ba da wi, et, al. (1997), among ot hers. 



3. REGRESSION RESULTS 

Two kinds of strat e gies are em ployed to em pir i cally in ves ti gate the is sue of ex -
ter nal debt’s ac count abil ity on growth. The first one is the fixed ef fects (FE) ver sus
the ran dom ef fects (RE) ap proach. To dis tin guish which of the two mod els is more
ap pro pri ate, the Hausman test is used. In all the re gres sions, ex cept the cap i tal flight, 
and debt vari ables, other covariates that al ways ap pear in the aug mented Solow
growth frame work are added. 

Now, turn ing to the re sults them selves, they in di cate that past-accumulated debt
is neg a tively re lated to growth of real GDP per ca pita; sug gest ing the ex is tence of a
debt over hang phe nom e non across de vel op ing coun tries, con trol ling for other vari -
ables, though the sig nif i cance dis ap pears once ex port growth is ex cluded. In con -
trast to other stud ies, this pa per does not show a sig nif i cant (though a pos i tive)
re la tion be tween cur rent debt ra tio and growth of real GDP per ca pita. Sim i larly,
like in other stud ies, I have not found a sta tis ti cally sig nif i cant neg a tive re la tion ship
be tween to tal debt ser vice ra tio and growth of real GDP per ca pita, though this vari -
able al ways bear the ex pected sign. I, there fore, al ter na tively use in ter est pay ments
as a proxy for the ac tual cost of for eign debt, though these nei ther have been sta tis ti -
cally sig nif i cant.

Turn ing to the main fo cus of this pa per, i.e., the re gres sion re sults, once to tal ex -
ter nal debt stock is de com posed, sug gest sev eral things. From the re gres sion re sults, 
it im plies that while the ini tial short term debt to ex port ra tio (STDXI) com po nent of 
the to tal debt stock (TED) neg a tively im pacts on growth, the ini tial long term debt to 
ex ports ra tio (LTDXI) com po nent of TED in duces eco nomic growth. This is true
both in the RE and FE mod els, de spite the in sig nif i cance of LTDXI in the later once
the ex port growth is in cluded. Other re sults seem to in di cate that debts that were
chan neled to the pri vate sec tor enduce eco nomic growth, while the part of the ex ter -
nal debt used to in ject the pub lic sec tor pun ishes eco nomic growth. The re sults of
the re gres sion once to tal debt stock is de com posed ac cord ing to concessionality in -
di cate that while the non-concessional com po nent of the ex ter nal debt pun ishes eco -
nomic growth (through a debt over hang and or li quid ity ef fects), the concessional
debt re mains in sig nif i cant, though have the ex pected sign in the RE, but a wrong
sign in the FE model. Other re sults in di cate that bor row ing from the In ter na tional
Bank for Re con struc tion and De vel op ment to ex ports ra tio (IBRDXI), is in cluded to 
cap ture the im pact of mar ket based loans, loans from In ter na tional De vel op ment
As so ci a tion to ex ports ra tio (IDAXI) is used as proxy for for eign aid and partly
concessional lend ing and loans from IMF to ex ports ra tio (IMFXI) is in cluded to
cap ture loans in ex change for pol icy (which may also be an in di rect mea sure of the
im pact of the struc tural ad just ment pro gram).The re sults in di cate that while both
loans from the World Bank and IDA in duce growth (the lat ter be ing highly sig nif i -
cant in both RE and FE mod els, though it is in sig nif i cant in the FE model, when ex -
port growth is added), loans from the IMF re tards growth prob a bly in di cat ing the
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fail ure of the IMF ad just ment pro gram in most de vel op ing coun tries, no ta bly those
of Sub-Saharan Af rica. The last but not least at tempt was to de com pose to tal ex ter -
nal debt into bi lat eral and mul ti lat eral sources to fig ure out whether the kind of cred -
i tors mat ters for growth. The re gres sion re sults sug gests that while BLATX has
failed to con trib ute pos i tively to growth, hav ing ei ther a neg a tive or in sig nif i cant
signs, loans from mul ti lat eral sources have a pos i tive and sta tis ti cally sig nif i cant
im pact on growth, de spite its in sig nif i cance in the FE model once ex port is re moved
from the equa tion. In con trast, MLATX should pro mote growth as it to a large ex -
tent is pol icy or pov erty driven and of ten is ac com pa nied by low in ter est rates.6 
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Ta ble (1): The im pact of past and cur rent to tal ex ter nal debt on growth of real
GDP per ca pita of (con trol ling for other vari ables) (1982-99)

Ran dom ef fects model             Fixed ef fects model

Vari able 1 2 3 4 5 6 7 8

CONST
2.987

(1.05)

6.619**

(2.02)

2.645

(0.72)

8.798 * *

(2.02)

5.822 *

(1.78)

50.23 ***

(4.83)  

67.53***

(5.89)

49.88***

(4.73)

LGDPI
-0.692

*

(-1.87)

-1.023
***

(-2.58)

-0.811
*

(-1.68)

-1.361
***

(-2.66)

-0.923
**

(-2.31)

-7.127

(-5.33)  

-9.880
***

(-6.87)

-6.963
***

(-5.08)

CFLGDPI -0.016
(-1.29)

-0.014
(-1.12)

-0.006
(-0.39)

-0.003
(-0.20)

-0.012
(-0.99)

-0.013
(-1.01)

-0.011
(-0.69)

-0.011
(-0.84)

LEXPG 7.309***

(9.87)

7.086***

(9.59)

6.994 ***

(9.42)

4.968 ****

(5.80)
 5.054***

(5.85)

TEDX2
-5.51e-07 **

(-1.99)
-5.12e-07*

(-1.87) 
-9.95e-08 

(-0.29) 

-5.36e-08

(-0.16)  

-5.18e-07*

(-1.90) 
-5.68e-07*

(-1.91)  

-1.64e-07
(-0.44)

-6.61e-07**

(-2.00) 

TEDX
0.001
(1.13)

0.01
(1.38)

0.0005
(0.51)

0.0009
(0.86)

0.001
(1.46)

0.002
(1.33)

0.002
(1.26)

0.001
(0.91)

TDSX
-0.025

(-1.40)

-0.192

(-1.05)

-0.034

(-1.45)

-0.023

(-1.02)

-0.065*

(-1.91)

-0.094 **

(-2.44)

INTX
-0.036

(-1.44)

-0.052

(-1.30)

GGC
-0.021

(-0.65)

-0.019

(-0.58)

-0.095**

(-2.26)

-0.087* *

(-2.11)

-0.026

(-0.79)

-0.091

(-1.50)

-0.099

(-1.42)

-0.095

(-1.74)

LGCF
2.145***

(3.64)

1.891***

(3.17)

3.395***

(4.57)

2.916***

(3.90)

1.940 ***

(3.31)

2.195 **

(2.19)

3.502***

(3.11)

2.179**

(2.15)

CPI
-0.001

(-1.45)

-0.001

(-1.50)

-0.001

(-1.07)

-0.001

(-1.14)

-0.001

(-1.54)

-0.001

(-1.19)

-0.001

(-0.83)

-0.0009

(-0.94)

TOTG
0.026***

(2.83)

0.027***

(2.92)

0.006

(0.55)

0.008

(0.71)

0.027 ***

(2.94)

0.208 **

(2.07)

0.005

(0.52)

0.022**

(2.19)

POPG -1.475
***

(-3.17)

-1.328
***

(-2.84)

-1.626
***

(-2.72)

-1.367
***

(-2.30)

-1.291
***

(-2.78)

-0.678

(-0.93)

0.128

(0.16)

-0.739

(-1.01)

LFG
1.212**

(2.46)

1.142**

(2.33)

1.612***

(2.57)

1.465 * *

(2.38)

1.125 **

(2.31)

0.0461

(0.73)

0.060

(0.08)

0.480

(0.75)

SCHL 0.151

(0.38)

0.073

(0.19)

-0.0005

(-0.00)

-0.135

(-0.26)

0.064

(0.17)

1.112

(0.92)

1.121

(0.81)

0.664

(0.56)

VIOL
-0.298

(-0.62)

-0.510

(-1.05)

-0.239

(-0.38)

-0.579

(-0.93)

-0.527

(-1.11)

-1.446*

(-1.82)

-1.697*

(-1.85)

-1.432*

(-1.78)

PD2
-1.025
(-1.30)

-1.003
(-1.28)

-0.632
(-0.63)

-0.624
(-0.64)

-1.091
(-1.40)

-0.372
(-0.39)

-0.178
(-0.16)

-0.217
(-0.23)
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Vari able 1 2 3 4 5 6 7 8

PD3 -3.237***

(-6.98)

-2.995***

(-6.35)

-3.363***

(-5.75)

-2.945***

(-4.99)

-3.118***

(-6.42)

-0.591

(-0.67)

0.655

(0.66)

-0.437

(-0.48)

HIPC
-1.264**

(-2.14)

-2.152***

(-2.83)

-1.200**

(-2.06)

N 175 175 175 175 175 175 175

R
2

0.58 0.60 0.33 0.38 0.60 0.69 0.59 0.69

Chi2 0.000 0.000 0.000 0.000 0.000

The num bers in pa ran the ses are t-Statistics (two-tailed).
*. Sig nif i cance at 10% level.
**. Sig nif i cance at 5% level.
***. Sig nif i cance at 1% level.

De pen dent va riab le is: log of the growth rate of GDP per ca pi ta, and this ap pli cab le
for all tab les.

MENBERE WORKIE
In sti tu te of Slo vak and Wo rld Eco no mies
Slo vak Aca de my of Scien ces
San co va 56, 811 05 Bra ti sla va, Slovak Rpublic
e-mail : menberew2000@ya hoo.com

145 Menbere Workie



ANALYSIS OF STYLE INVESTING OF THE
MUTUAL FUNDS IN SLOVAKIA

ZDENKA MILÁNOVÁ

Ab stract We try to stu dy pri ces of as set, be ca u se some in ves tors clas si fy ris ky as sets 
into dif fe rent sty les and move funds bet we en the se sty les de pen ding on
the ir re la ti ve per for man ce. We as su me that news abo ut one sty le can af -
fect the pri ces of ot her ap pa ren tly un re la ted sty le, that as sets in the same
sty le com mo ve to much whi le as sets in dif fe rent sty les com mo ve too lit tle
and high ave ra ge re turns on a sty le will be as so cia ted with com mon fac -
tors for re a son un re la ted to risk. In the last part we try to ap ply this con -
clu sions on Slo vak fi nan cial mar ket. 

Ke y words: Mu tu al funds, Sty le In ves ting, Sty le Ana ly sis

Clas si fi ca tion is the group ing of ob jects into cat e go ries based on some sim i lar ity
among them [8]. Clas si fi ca tion of large num ber of ob jects into cat e go ries is also in
fi nan cial mar kets. The as set classes that in ves tors use in this pro cess are some times
called in vest ing styles, and the pro cess of al lo cat ing funds among styles is known as
style in vest ing.

There are sev eral rea sons why in ves tors use in vest ing styles:
1. Cat e go ri za tion sim pli fies prob lems of choice and al lows us to pro cess vast

amounts of in for ma tion rea son ably ef fi ciently. 
2. Cre ation of as set cat e go ries helps in ves tors eval u ate the per for mance of pro -

fes sional money man ag ers, be cause style au to mat i cally cre ates a group of man ag ers 
who pur sue that par tic u lar style. 

3. Style in vest ing sim pli fies the pro cess of di ver si fi ca tion.
Let's cre ate a model of style in vest ing. We con sider an econ omy with 2n  risky as -

sets in fixed sup ply, and a risk free as set, cash, in per fectly elas tic sup ply and with
zero net re turn. We model risky as set i as a claim to a sin gle liq ui dat ing div i dend 
Di T,  to be paid at some later time T. The even tual div i dend equals

D Di T i i i T, , , ,= + + +0 1ε ε… , (1)

whe re εi,t be co mes known at time t [5]. We as su me

( ) ( )ε ε εt t n t DN C=
′

1 2 0, ,, , ~ ,… .



The price of a share of risky as set l at the time t is P l,t and the re turn on the as set
be tween time t–1 and time t  is

∆P P Pl t l t l t, , ,= − −1. (2)

We build a sim ple model of style in vest ing. There are just two styles, X and Y,
and each risky as set in the econ omy be longs to one, and only one, of these two styles 
Risky as set 1 trough n are in style X, while n+1 through 2n  are in style Y. For now,
we as sume that the com po si tion of two styles is the same in ev ery time pe riod. 

As a mea sure of the value of style X in time t, we use PX t, , de fined as the av er age
price of a share across all as sets in style X:

P
n

PX t l t
l X

, ,=
∈
∑1 .

(3)
The re turn on style X be tween time t–1 and time t  is

∆P P PX t Xt X t, , ,= − −1 (4)

There are two kinds of in ves tors in our model, "switch ers" and "fun da men tal
trad ers". The in vest ment pol icy of switch ers has two dis tinc tive char ac ter is tics:

1. switch ers al lo cate funds at the level of a style
2. how much they al lo cate to each style de pends on that style's past per for mance

rel a tive to other style. 
Each pe riod, switch ers al lo cate more funds to styles with better than av er age per -

for mance and fi nance these ad di tional in vest ments by tak ing funds away from styles 
with be low av er age per for mance. 

Switcher's de mand [1] for shares of an as set i in style X at time t, is:

N
N

n n
A

P P
i t
S X t

S

X
k X t k Y t k

k

t

,
, , ,= = +

−









− − −

=

1
2

1

1

θ
∆ ∆−

∑









1

, pre i = 1, 2, ..., n,
(5)

whe re AX and are con stants, with 0 1< <θ .
The sec ond in ves tor type in our model is fun da men tal trader. They act as

arbitrageurs and try to pre vent the price of an as set from de vi at ing too far from its
ex pected fi nal div i dend. Since they have no con straints on their al lo ca tions, they
solve

( )( )[ ]( )max exp
N t

F F
t t t

t
E W N P P− − + ′ −+γ 1 ,

(6)

whe re ( )N N Nt t n t=
′

1 2, ,, ,…  is a vec tor of the num ber of sha res al lo ca ted to each

ris ky as set, γ go verns the de gree of risk aver sion, E t
F  de no tes fun da men tal tra ders

ex pec ta tions at time t and ( )P P Pt t n t=
′

1 2, ,, ,… . Op ti mal hol dings Nt
F  are gi ven:

( )
( )( )N

V
E P Pt

F t
F

t
F

t t= −

−

+

1

1
γ

,
(7)
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whe re

( )V P Pt
F

t
F

t t= −+var 1 ,

with the F su per script in Vt
F  aga in de no ting a fo re cast made by fun da men tal tra ders. 

An in di vid ual stock-level mo men tum strat egy ranks all stocks on their re turn
in the pre vi ous pe riod and buys those stocks that did better than av er age and sells
those that did worse. It can by im ple mented through

[ ]N
n

P Pi t i t M t, , ,= −1
2

∆ ∆ ,    i = 1, ..., 2n,
(8)

whe re

∆ ∆P
n

PM t l t
l

n

, ,=
=
∑1

2 1

2

.

An in di vid ual stock-level value strat egy buys (sells) those stocks which are
trad ing be low (above) fun da men tal value:

[ ]N
n

P Pi t i t i t, ,
*

,= −
1

2
,   i = 1, ..., 2n.

(9)

A style-level mo men tum strat egy  buys into styles with good re cent per for -
mance and avoids styles that have done poorly:

N
n

P P
i t

X t Y t
,

, ,
=

−









1
2 2

∆ ∆ , i X∈ ,
(10)

N
n

P P
j t

Y t X t
,

, ,=
−









1
2 2

∆ ∆ , j Y∈ .

A style-level value strat egy buys into styles trad ing be low fun da men tal value
and shorts the re main ing styles 

[ ]N
n

P Pi t X t X t, ,
*

,= −1
2

, i X∈ ,
(11)

[ ]N
n

P Pj t Y t Y t, ,
*

,= −1
2

, j Y∈ .

Es sen tially, in re turn based style anal y sis a fac tor model is used to ex plain fund 
re turns. Re turn based anal y sis de ter mines the mim ick ing port fo lio of mu tual
funds or other in vest ment op por tu ni ties with pos i tive port fo lios weights, i.e., the
pos i tively weighted style port fo lio that is clos est to the mu tual fund in a least
squares sense.

The case when no con straints are im posed on the fac tor load ings will be re ferred
to as weak style anal y sis. The case where only the port fo lio con straints is im posed
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will be re ferred to as semi–strong style anal y sis and the case where both port fo lio
and the positivity con straints are im posed will be re ferred to as strong style anal y sis
[4]. 

Sup pose that K fac tor (mim ick ing) port fo lios with re turn vec tor Rt drive the as set 
re turns. In ad di tion, there are N mu tual funds with re turn vec tor rt, for which we
have the lin ear fac tor model

r a BRt t t= + + ε , (12)

whe re [ ] [ ]E E Rt t i tε ε= =, 0 for i K=1, ,… .
In this case B C CrR RR= −1  and a Br R= −µ µ , where CrR is a covariance ma trix be -

tween re turns of mu tual funds and mim ick ing, CRR is a covariance ma trix of re turns
of mim ick ing port fo lio and µ is an ex pected re turn vec tor. When us ing (12) as a fac -
tor model, we do not im pose any con straints on a and B. If there are no re stric tion on
B, we re fer to this as weak style anal y sis.

If we de fine ai as the ith el e ment of a and bi as the i th row of B, then ai and bi are
the so lu tions to the prob lem

( )[ ]min
, ,α β

α βE r Ri t t− − ′
2

.
(13)

The vec tor b  ref lect the fund mi mic king po si tions or the mi ni mum va rian ce hed ge
po si tion for the mu tu al fund. 

To see the ef fect of the port fo lio con straint β j
j

∑ =1, let ~ai  and  
~
bi  be the so lu -

tions of the prob lem

( )[ ]min
, ,αβ

α βr Ri t t− − ′
2

,
(14)

s.t.

′ =β eK 1,

whe re eK is K-dimensional vec tor of ones. Thus, 
~
bi

 are the fac tor ex po su res which
are con stra i ned to sum to one, i.e., they cha rac te ri ze a po rtfo lio. The case whe re only 
the po rtfo lio con stra ints is im po sed, will be re fer red to as semi-strong sty le ana ly sis. 
Using stan dard le ast squ a res re sults, it is stra ig htfor ward to show that the co ef fi -
cients 

~
bi  can be writ ten as

( ) ( )~b b b e C e e C ei i i K R R K K RR K= + − ′ ′− − −
1 1 1 1

. (15)

In ad di tion to the port fo lio con straints, it is com mon in style anal y sis to im pose
positivity con straints on the es ti mated fac tor ex po sures. The style port fo lios 

)
b

i
 and

the as so ci ated in ter cepts )a i  are then the so lu tions to the prob lem
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( )[ ]min
, ,α β

α βE r Ri t t− − ′
2

,
(16)

s.t.

′ =β eK 1,

β 0≥ .

We re fer to this case as strong sty le ana ly sis.
The strong style co ef fi cients as given in (16) re flect the pos i tively weighted port -

fo lio of the benchmarks that mim ics the mu tual fund.
Be cause we have no de tailed in for ma tion about port fo lio of mu tual funds in

Slovakia, to see con se quences of prop o si tions in this ar ti cle, we are go ing to cre ate
two fund of funds. The first one con sists of three ob li ga tion mu tual funds and the
sec ond one con sists of three stock mu tual funds. The first one we call in vest ing style
X and the sec ond one in vest ing style Y. In in vest ing style X are these three funds:
TAM - Korunový dlhopisový, VÚBAM - Eurofond a VÚBAM - Korunový. In -
vesting style Y con sists of these funds: TAM - Americký akciový, JTAM - Ja pan
akciový a JTAM - Euro akciový. We have weekly data from 1. 1. 2002 to
31. 1. 2003. To get more in for ma tion see [10].

Tab le 1: In di vi du al stock-level mo men tum stra te gy in in ves ting sty le X

Week TAM - Ko ru no vý VÚBAM - Eu ro fond VÚBAM - Ko ru no vý
∆PM, t

t Re turn N1, t Re turn N2, t Re turn N3, t

1 0,38% 0,03% 0,47% 0,04% 0,38% 0,03% 0,21%

2 0,34% 0,11% -0,58% -0,04% 0,35% 0,12% -0,34%

Tab le 2: In di vi du al stock-level mo men tum stra te gy of in ves ting sty le Y

Week TAM - Ame ric ký JTAM - Ja pan JTAM - Euro
∆PM, t

t Re turn N4, t Re turn N5, t Re turn N6, t

1 0,06% -0,03% 0,00% -0,04% 0,00% -0,04% 0,21%

2 -2,11% -0,30% 0,07% 0,07% -0,12% 0,04% -0,34%
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Tab le 3: In di vi du al stock-level va lue stra te gy of in ves ting sty le X

Week TAM - Ko ru no vý VÚBAM - Eu ro fond VÚBAM - Ko ru no vý

t NAV N1, t NAV N2, t NAV N3, t

1 1,5713 1,21% 1,0444 -0,41% 1,0859 0,56%

2 1,5772 1,11% 1,0493 -0,49% 1,0900 0,50%

P t1,
* 1,6439 P t2,

* 1,0197 P t3,
* 1,1197

Tab le 4: In di vi du al stock-level va lue stra te gy of in ves ting sty le Y

Week TAM - Ame ric ký JTAM - Ja pan JTAM - Euro

t NAV N4, t NAV N5, t NAV N6, t

1 0,9734 -2,39% 0,9996 -1,99% 0,9896 -2,45%

2 0,9740 -2,40% 0,9996 -1,99% 0,9896 -2,45%

P t4,
* 0,8298 P t5,

* 0,8802 P t6,
* 0,8424

Tab le 5: Style-level mo men tum stra te gy of in ves ting sty le X and Y

Week Re turn of sty le X De mand of X Re turn of sty le Y De mand of Y

t ∆PX t, Ni, t ∆PY t, Nj, t

1 0,40% 0,03% 0,02% -0,03%

2 0,08% 0,07% -0,71% -0,07%

Tab le 6: Style-level va lue stra te gy of in ves ting sty le X and Y

Week In ves ting sty le X In ves ting sty le Y

t NAV of sty le X Ni, t NAV of sty le Y Nj, t

1 1,2339 0,45% 0,9875 -2,28%

2 1,2388 0,37% 0,9877 -2,28%

PX t,
*

1,2611 PY t,
*

0,8508

In the next two ta bles are re sults of week and strong style anal y sis. We try to cre -
ate mim ick ing port fo lio, which is com bi na tion of fund of funds VB - Quartett
"Sicherheit" and in dex SAX. The rea son is, that pas sively di rected mu tual funds
have lower costs than ac tively di rected mu tual funds.
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Tab le 7: Week ana ly sis of in ves ting sty le

Mu tu al fund In ter cept b1 b2

Spo ro - Ko ru no vý pe naž ný 0,0013 -0,0075 -0,0790

TAM - Ko ru no vý pe naž ný 0,0013 -0,0098 0,0114

VÚBAM - Pe naž ný ko ru no vý 0,0010 -0,0079 -0,0817

Spo ro - Ko ru no vý dlho pi so vý 0,0022 -0,0030 -0,0378

TAM - Do lá ro vý dlho pi so vý -0,0013 0,0431 0,5664

TAM - Euro dlho pi so vý 0,0006 0,0457 -0,1074

TAM - Ko ru no vý dlho pi so vý 0,0024 -0,0106 0,0695

VÚBAM - Do lá ro vý -0,0018 0,0856 0,7881

VÚBAM - Eu ro fond 0,0004 0,0852 0,4641

VÚBAM - Ko ru no vý 0,0022 -0,0101 0,2622

TAM - Ame ric ký ak cio vý -0,0052 0,1017 1,2246

TAM - Eu róp sky ak cio vý -0,0067 0,1003 0,9541

TAM - Eu róp sky tech no lo gic ký -0,0082 0,1822 1,7973

VÚBAM - Sve to vé ak cie -0,0059 0,1486 1,6592

TAM - Ko ru no vý akciovo-dlhopisový 0,0017 0,1542 0,0667

TAM - Me dzi ná rod ný akciovo-dlhopisový 0,0017 0,1542 0,0667

VÚBAM - Vy vá že ný ras to vý -0,0027 0,0927 0,2002

Tab le 8: Strong ana ly sis of in ves ting sty le

Mu tu al fund In ter cept $a $b1 $b2

Spo ro - Ko ru no vý pe naž ný 0,0017 0,0021 0,1556 0,8444

TAM - Ko ru no vý pe naž ný 0,0016 0,0020 0,1401 0,8599

VÚBAM - Pe naž ný ko ru no vý 0,0014 0,0018 0,1556 0,8444

Spo ro - Ko ru no vý dlho pi so vý 0,0026 0,0030 0,1532 0,8468

TAM - Do lá ro vý dlho pi so vý -0,0012 -0,0010 0,1017 0,8983

TAM - Euro dlho pi so vý 0,0010 0,0014 0,2050 0,7950

TAM - Ko ru no vý dlho pi so vý 0,0019 0,0031 0,1307 0,8693

VÚBAM - Do lá ro vý -0,0018 -0,0017 0,1045 0,8955
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Mu tu al fund In ter cept $a $b1 $b2

VÚBAM - Eu ro fond 0,0006 0,0008 0,1529 0,8471

VÚBAM - Ko ru no vý 0,0024 0,0027 0,1022 0,8978

TAM - Ame ric ký ak cio vý -0,0053 -0,0054 0,0527 0,9473

TAM - Eu róp sky ak cio vý -0,0068 -0,0068 0,0921 0,9079

TAM - Eu róp sky tech no lo gic ký -0,0085 -0,0089 0,0352 0,9648

VÚBAM - Sve to vé ak cie -0,0062 -0,0065 0,0273 0,9727

TAM - Ko ru no vý akciovo-dlhopisový 0,0020 0,0022 0,2711 0,7289

TAM - Me dzi ná rod ný akciovo-dlhopisový 0,0008 -0,0001 0,1092 0,8908

VÚBAM - Vy vá že ný ras to vý -0,0024 -0,0022 0,1989 0,8011
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OPENED MUTUAL FUNDS OUTRANKING FROM
A VIEW POINT OF AN SLOVAK INVESTOR

VLADIMÍR MLYNAROVIČ

Opened mu tual funds tend to be come the most cur rent form of in vest ments in
Slo vak Re pub lic as well. The pres ent sup ply of in vest ments op por tu ni ties from the
site of the As so ci a tion of As set Man age ment Com panies (ASS) cor re sponds to the
fact. For ex am ple, in in for ma tion pro vided by ASS on April 17, 2003 one can find
weekly data about 18 money mar ket funds, 34 bond mar ket funds, 54 eq ui ties mar -
ket funds, 15 funds of funds and 17 mixed funds. The in for ma tion is di vided into
three groups, namely there are a ba sic in for ma tion, a over view of per for mance and a 
over view sales there. Among the ba sic in for ma tion, be sides the name of the fund,
one can find the fol low ing data:

– cur ren cy of the sha re,
– va lue of the sha re,
– the chan ge or the sha re va lue over the last week in %,
– paid gross di vi dends at the last week,
– the sum of sha res in SKK that were gi ven back over the last week,
– the sum of is su ed sha res in SKK over the last week,
– ma xi mum pur cha sing pri ce of the sha re,
– mi ni mum bu y ing pri ce of the sha re.
Among char ac ter is tics that de scribe per for mance of funds there are:
– mi ni mum va lue of he first in ves tment,
– ma xi mum char ge when a sha re is gi ven back in %,
– ma xi mum is su ed char ge in %,
– ma xi mum char ge for as set ma na ge ment in % p.a.,
– per for man ce of the fund for one month in %,
– per for man ce of the fund for three months in %,
– per for man ce of the fund for six month in %,
– per for man ce of the fund for one year in %,
– per for man ce of the fund for three ye ars in % p.a..
– cu mu la ted sum of net di vi dends per one sha re

The over view of sa les con sists of the fol lo wing items abo ut net sa les in the Slo vak
Re pub lic in Slo vak crowns:

– for one week,
– for one month,
– for six month,
– for one year,
– cu mu la ted sa les.



It is clear that a po ten tial in ves tor faces in mak ing in vest ment de ci sions two
prob lems. The first fol lows from rel a tively wide sup ply of in vest ment op por tu ni ties
and the sec ond form a great amount of dis pos able in for ma tion about fund per for -
mance in a close but also in a fur ther past. Ra tio nal in ves tor hardly can choose only a 
one char ac ter is tic as a cri te rion for in vest ment de ci sions. How ever, if he chooses
more of char ac ter is tics, in gen eral it is nearly ex cluded that these var i ous cri te ria of
in vest ment de ci sion mak ing will choose the same in vest ment op por tu nity. The
prob lem arises how to re solve a con flict of var i ous cri te ria and to out rank funds
"from the best to the worst" when all cri te ria are as sumed si mul ta neously.

1. METHODOLOGY OF OPENED MUTUAL FUND
OUTRANKING ILLUSTRATION

The prob lem of in vest ment fund out rank ing can be for mally writ ten in the form
of fol low ing mul ti ple cri te ria de ci sion mak ing prob lem

( ){ }"max" , , , |y y y y y Yk= ∈1 2 …    ,

whe re ele ments of the set Y are as su med in ves tments funds which of them is eva lu a -
ted on the base of k se lec ted cri te ria. Wit ho ut a loss of uni ver sa li ty it can be as su me d 
that for each cri te rion holds "the more the bet ter". The goal is to rank the funds in the 
form of pre fe ren ce struc tu re (P, S, I), or (P,  S, I, R) whe re P me ans the strict pre fe -
ren ce, S me ans a weak pre fe ren ce, I de no tes in dif fe ren ce and R de no tes in com pa ra -
bi li ty. 

There are sev eral classes of meth ods for solv ing of such kinds of prob lems. In the 
ap pli ca tion the method PROMETHE II was used1. The method is based on a con -
struc tion of gen er al ised cri te ria and in di ces of mul ti ple cri te ria pref er ences. In ten  -
sity of one fund pref er ence over the sec ond is a func tion of the dif fer ence in
per for mances ac cord ing in di vid ual cri te ria and takes a value from 0 to 1. If y and z
are two funds from the set Y which are to com pare from the view point of cri te rion i,
then

d y zi i i= −

and the va lue of pre fe ren ce fun ction

( ) ( )F y z P d e di i i i

d

i

i

, ,= = − ≥
−

1 0

2

22σ ,

whe re σ re pre sen ts stan dard de via tion, me a su res the con tri bu tion of cri te rion i to the 
to tal pre fe ren ce of y over z. Let us note that this Ga us sian pre fe ren ce fun ction is not
only po ssib le one. So cal led usu al cri te rion , qu a si - cri te rion , cri te rion with li ne ar
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pre fe ren ce le vel cri te rion or cri te rion with li ne ar pre fe ren ce and in dif fe ren ce area
can also be used.

Let us sup pose that for each cri te rion i a pref er ence func tion Fi was de fined and
wi ex presses rel a tive im por tance of cri te rion i. Then for all cou ples of in vest ment
funds y a z a fol low ing in dex of mul ti ple cri te ria pref er ences is de fined

( )
( )

π y z
w F y z

w

i i
i

k

i
i

k,
,

= =

=

∑

∑
1

1

The in dex mea sures in ves tor pref er ence in ten sity for fund y over fund z in such a
way, where all cri te ria are taken into ac count si mul ta neously. From these cal cu la -
tions a ma trix of in di ces can be de vel oped. For each fund y, the mean of pref er ence
in ten si ties over all other funds is de fined in the form of out go ing flow

( )
( )

Φ+ ∈=
−

∑
y

y z

n
y Y

π ,

1
,

where n is the num ber of as sumed funds. In turn, the mean of pref er ence
in ten si ties of all other funds over fund y is de fined in the for so called in com ing flow

( )
( )

Φ− ∈=
−

∑
y

z y

n
z Y

π ,

1
.

Finally the net flow is de fined as

( ) ( ) ( )Φ = Φ Φy y y+ −−

and PROMETHEE out rank ing re la tion ships are de fined as:
Fund y out ranks fund z iff Φ(y) > Φ(z).
Fund y is in dif fer ent to fund z iff Φ(y) = Φ(z).

Tab le 1: Star ting data abo ut funds

Name of the fund
 Max min max min Max max

Cur ren cy ZHP-PT W-STDEV RPS MinI V1M V3M

SPORO K SKK -0.82 0.2782402 1.3 30000 0.28 1.04

IAM KONTO SKK 0.07 0.1846099 1.3 5000 0.25 0.75

TAM - K SKK 0.00 0.2044322 1.2 20000 0.20 0.61

TAM - K D SKK -0.33 0.1586423 0.7 500000 0.41 1.21

TAM - Euro SKK -0.76 0.5929653 0.7 500000 -1.54 0.00

TAM - USD SKK -0.58 1.6494903 0.7 500000 1.35 0.00

VÚBAM SKK -0.94 0.3601544 0.95 5000 -0.02 0.52

STDEVP  0.3716 0.4929983 0.2644 240146.6 0.795 0.4335
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At now the method will be il lus trated for se lected data on per for mance a sub set
of money mar ket funds pub lished on April 4, 2003. For sim plic ity only a sub set of
cri te ria will be also used. The start ing data are pre sented in Ta ble 1, where the fol -
low ing cri te ria were ap plied:

ZHP-PT  - change of crown value of the share in last week,
W-STDEV - stan dard de vi a tion of week crown re turns for the last 26 weeks,
RPS - charge for fund man age ment for year in %,
MinI - min i mum value of the first in vest ment in SKK
V1M - crown re turn of the fund for last month in %
V3M - crown re turn of the fund for last 3 months in %.
The fi nal row of the ta ble con sist stan dard de vi a tions of the val ues of cri te ria. Ac -

cord ing to the de scribed meth od ol ogy for each cri te rion a pref er ence func tion must
be se lected. As it was men tioned above, the Gaussi an pref er ence func tion is se lected 
for all cri te ria and the stan dard de vi a tion is only pa ram e ter of the func tion. Re sults
of such de ci sion are pre sented in Ta ble 2.

Tab le 2: Pre fe ren ce fun ctions and pa ra me ters va lu es
                      6 6 6 6 6 6

max Min max min max Max

q-indif

p-pref

Sig ma 0.37156865 0.49299832 0.26438222 240146.638 0.79460398 0.43345156

Data in Ta ble 2 to gether with data in Ta ble 3 com plete the prob lem for mu la tion
of se lected in vest ment funds rank ing. From the fi nal row of the Ta ble 3 one can see
that equal weights were used for all cri te ria. Re mind that the weight can be used for
rel a tive im por tance of in di vid ual cri te ria ex pres sions.

Tab le 3: In put data

MAX MIN MIN MIN MAX MAX

ZHP-PT W-STDEV RPS MinI V1M V3M

SPORO K -0.82 0.28 1.30 30 000.0 0.28 1.04

IAM KONTO 0.07 0.18 1.30 5 000.0 0.25 0.75

TAM - K 0.00 0.20 1.20 20 000.0 0.20 0.61

TAM - K D -0.33 0.16 0.70 500 000.0 0.41 1.21

TAM - Euro -0.76 0.59 0.70 500 000.0 -1.54 0.00

TAM - USD -0.58 1.65 0.70 500 000.0 1.35 0.00

VÚBAM -0.94 0.36 0.95 5 000.0 -0.02 0.52

We ights 0.16667 0.16667 0.16667 0.16667 0.16667 0.16667
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At now we will il lus trate a prin ci ple of the method, i.e. how the pref er ence re la -
tion be tween two funds is eval u ated when all cri te ria are tak ing into ac count si mul -
ta neously. Let us as sume the first two funds with names SPORO and IAM KONTO.
We will com pute the in dex mul ti ple cri te ria pref er ence of fund SPORO over fund
IAM KNTO. All needed data are in Ta ble 4.

Tab le 4: Two funds com pa ri son - com pu ta tion of the in dex of mul ti ple cri te ria pre fe ren ce
              of SPORO K over IAM KONTO

Name of the fund
Max min max min Max max

ZHP-PT W-STDEV RPS MinI V1M V3M

SPORO K -0.82052 0.27824 1 . 3 30000 0.278878 1.042836

IAM KONTO 0.067308 0.18461 1 . 3 5000 0.250458 0.750092

Cri te rion va lu es dif fe ren ce -0.88783 -0.09363 0 -25000 0.028421 0.292744

Stan dard de via tions 0.371569 0.492998 0.264382 240146.6 0.794604 0.433452

Ga us sian pre fer. fun ction 0 0 0 0 0.000639 0.20393

Kri te ria we ights 0.167 0.167 0.167 0.167 0.167 0.167

In dex of mul ti ple kri te ria pre fe ren ce of SPORO K over IAM KONTO: 0.034095

Tab le 5: Mat rix of mul ti ple cri te ria pre fe ren ce in di ces and in co ming flows 

SPORO K IAM KON TAM - K TAM-K D TAM-Eur TAM-US VÚBAM

SPORO K 0.00000 0.03409 0.06583 0.14211 0.48484 0.46274 0.10756

IAM KONTO 0.16095 0.00000 0.01179 0.21897 0.63059 0.57007 0.20349

TAM - K 0.16562 0.01151 0.00000 0.19803 0.59098 0.53002 0.17753

TAM - K D 0.27028 0.22923 0.24778 0.00000 0.45664 0.36112 0.33920

TAM - Euro 0.15631 0.15398 0.13879 0.00000 0.00000 0.14990 0.07883

TAM - USD 0.28589 0.25646 0.24725 0.08316 0.18547 0.00000 0.25259

VÚBAM 0.09818 0.09728 0.06041 0.14675 0.39041 0.39411 0.00000

Φ(-) 0.18954 0.13042 0.12864 0.13150 0.45649 0.41132 0.19320
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Tab le 6: Out go ing flows and net flows

    Φ(+)     Φ

SPORO K oru no vý pe naž ný fond, o.p.f. 0.216198 0.026659

IAM KONTO  - pe naž ný 0.29931 0.168886

TAM - K oru no vý pe naž ný 0.278947 0.150304

TAM - K oru no vý pe naž ný Divi den do vý 0.317374 0.185871

TAM - Euro pe naž ný di vi den do vý fond 0.112968 -0.34352

TAM - Do lár ový pe naž ný di vi den do vý fond 0.218469 -0.19286

VÚBAM  - Pe naž ný ko ru no vý fond 0.197857 0.004657

The start ing point is dif fer ences of cri te ria val ues. For ex am ple if we com pare
these two funds ac cord ing to the first cri te rion, the cor re spond ing dif fer ence is
-0.88783. It means that IAM KONTO is better than SPOPRO so the con tri bu tion of
the cri te rion to the pref er ence of SPORO over IAM KONTO must equals 0. The
same re sult is valid for the sec ond and the third cri te rion as well. In this sit u a tion
how ever one must take into ac count that, in the con trary with the first cri te rion, for
these two cri te rion we have "the less the better". At the fourth cri te rion the dif fer -
ence is pos i tive (0.028421). It means that this cri te rion con trib utes with a pos i tive
value to the to tal pref er ence of SPORO over IAM KONTO. The con tri bu tion is
com puted ac cord ing to the se lected pref er ence func tion, i.e.

1 1 0 000639

2

2

2

22

0 028 421

2 0 79 4604− = − =
− −

×e e
di

σ

.

. . .

For the last cri te rion the con tri bu tion is 0.203939 and the re sulted value of in dex
is the av er age sum of these val ues, namely

0167 0000639 0167 020393 0034095. . . . .× + × = .

All cou ples of the funds must be com pared in this way. Re sults pro vide the ma -
trix o the mul ti ple cri te ria in di ces that is shown in Ta ble 5. At the first row and the
sec ond col umn of the ma trix one can find the com puted value 0.03409. The row
with the name Φ(-) con sists in com ing flows. The higher in com ing flow, the worse
for the fund. The col umn Φ(+) in Ta ble 6 con sists out go ing flows. The higher out go -
ing flow, the better for the fund. The re sulted rank ing of the funds is in di cated with
the col umn Φ in Ta ble 6 that re sents the net flows. The higher net flow the better for
the fund. It is worth to see that the sum of the net flows al ways equals zero. It gives
not only the chance to out rank funds, but also to di vide them into two groups. Rel a -
tively good are funds with pos i tive val ues of the net flows and rel a tively bad - funds
with neg a tive val ues of net flows. Funds out rank ing is il lus trated in Pic ture 1.
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Pic tu re 1: Se lec ted mo ney mar ket funds out ran king

2. RESULTS

An ap pli ca tion of de scribed meth od ol ogy for out rank ing of money mar ket funds, 
bonds mar ket funds and eq ui ties mar ket funds on the base of weekly data pro vides
three types of re sults2 :

- funds out rank ing on the base of the cur rent week data,
- av er age re sults for the last ten weeks,
- re sults that pres ents long-term ten den cies of  funds per for mance de vel op ments.
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Tab le 7: Mo ney mar ket funds out ran king in cur rent week

Fund Cur ren cy Net flow

SPORO Ko ru no vý pe naž ný fond, o.p.f. SKK 0.274928

VÚBAM - Pe naž ný ko ru no vý fond SKK 0.198316

IAM KONTO - pe naž ný SKK 0.193162

KBC -  Mul ti Cash CSOB SKK SKK 0.152276

TAM - Ko ru no vý pe naž ný di vi den do vý SKK 0.103357

TAM - Ko ru no vý pe naž ný SKK 0.046587

KBC -  Mul ti Cash EURO EUR 0.02583

KBC -  Mul ti Cash EURO Me dium EUR -0.01922

CI - Euro Cash (vý no so vý) EUR -0.03801

CI - Euro Cash (plne ras to vý) EUR -0.03906

TAM - Euro pe naž ný di vi den do vý fond SKK -0.05902

KBC -  Mul ti Cash CSOB CZK CZK -0.07749

KBC -  Mul ti Cash CAD CAD -0.08831

CI - Euro Cash (ras to vý) EUR -0.09505

KBC -  Mul ti Cash CAD Me dium CAD -0.11365

TAM - Do lá ro vý pe naž ný di vi den do vý fond SKK -0.11798

KBC -  Mul ti Cash USD USD -0.16835

Živ no ban ka - Spo ro kon to CZK -0.17833

As an il lus tra tion re sults for money mar ket funds will be pre sented. The cur rent
weekly re sults on May 5, 2003 are pre sented in Ta ble 7. Cor re sponding funds out -
rank ing n the base the last ten weeks is pre sented in Ta ble 8. The ta ble con tents to -
gether with val ues of av er age net flows for the last ten weeks also stan dard
de vi a tions of these val ues for the same pe riod. These val ues mea sure volatilities of
re sults for the pe riod and pro vide a mea sure of risk. The com bi na tion of these two
re sults leads to a con struc tion of so called ef fi cient funds bound ary that con sists of
funds where a better av er age re sult can be achieved only with a higher risk. Such
con struc tions cre ate start ing points for mod ern port fo lio the ory ap pli ca tions in de ci -
sions con cern as sumed in vest ment op por tu ni ties space.
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Tab le 8: Funds out ran king on the base of the last ten week ave ra ge

Fund Cur ren cy
Ave ra ge
n et flow

Stan dard de -
via tion

VÚBAM - Pe naž ný ko ru no vý fond SKK 0.3046065 0.0720216

SPORO Ko ru no vý pe naž ný fond, o.p.f. SKK 0.2987799 0.0282207

TAM - Ko ru no vý pe naž ný SKK 0.2062471 0.0716619

IAM KONTO - pe naž ný SKK 0.1589754 0.038912

KBC -  Mul ti Cash CSOB SKK SKK 0.1059544 0.0737879

TAM - Ko ru no vý pe naž ný di vi den do vý SKK 0.004899 0.0472015

KBC -  Mul ti Cash EURO EUR -0.0242455 0.0332315

KBC -  Mul ti Cash CAD CAD -0.039446 0.066714

KBC -  Mul ti Cash CAD Me dium CAD -0.0428864 0.0679084

CI - Euro Cash (vý no so vý) EUR -0.0537313 0.0219604

CI - Euro Cash (plne ras to vý) EUR -0.06101 0.0035195

KBC -  Mul ti Cash EURO Me dium EUR -0.0633731 0.0359298

TAM - Euro pe naž ný di vi den do vý fond SKK -0.0805186 0.0308379

KBC -  Mul ti Cash CSOB CZK CZK -0.0874972 0.040199

TAM - Do lá ro vý pe naž ný di vi den do vý fond SKK -0.1106798 0.0415547

KBC -  Mul ti Cash USD USD -0.124524 0.0373659

CI - Euro Cash (ras to vý) EUR -0.1578926 0.0362218

Živnobanka-Sporokonto CZK -0.233658 0.0165638

Funds per for mance from a long term view can be de scribed with se quences of
av er age ten week re sults for the whole pe riod of eval u a tion that starts on Jan u ary 1,
2002. Such kind of re sults is il lus trated in Pic ture 2. 

V     LADIMÍR MLYNAROVIČ
Uni ver si ty of Eco no mics in Bra ti sla va
Fa cul ty of So cial and Eco no mic Scien ces, Co me nius Uni ver si ty in Bra ti sla va
e-mail: vla di mir.mly na ro vic@fses.uni ba.sk
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MULTI CRITERIA OPTIMIZATION IN
TRANSPORT SCHEDULING1

STANISLAV PALÚCH

Ab stract The fun da men tal vehicle-scheduling prob lem (VSP) is ob vio us ly for mu la -
ted as a mat ching prob lem for which the re exists a po ly no mial al go rithm.
Ho we ver, real life sche du ling prob lems have to com ply with many ad di tio -
nal re qu i re ments which can be for mu la ted as non li ne ar con stra ints. This
pa per shows how the se con stra ints can be con ver ted into ob jec ti ves. Thus
the ge ne ral ve hic le sche du ling prob lem can be for mu la ted as a mat ching
prob lem with non li ne ar ob jec ti ve fun ction. For such prob lem the re exists
a good he u ris tic al go rithm.

0. INTRODUCTION

Trans port sched ul ing prob lems are fre quently dis cussed in world sci en tific lit er -
a ture. Ve hi cle and crew sched ul ing in re gional bus trans port in Czech and Slo vak
Re pub lic is dif fer ent from the one in many other coun tries so the cor re spond ing
math e mat i cal mod el ling has many spe cific prop er ties (see Cerná  in [2]).

1. VEHICLE SCHEDULING

Trip s is a travel from a start ing point to a fin ish ing point of a route and is con sid -
ered to be an el e men tary amount of the work of a bus. Trip s  can be con sid ered as an
ar bi trary qua dru ple s = (dp, ap, dt, at) where dp, ap  are the de par ture place and ar -
rival place of the trip s and dt ; at are de par ture time and ar rival time of the trip s. We
will say that the trip si pre cedes the trip sj and we will write s si j≺  if the trip sj can be 
linked af ter the trip s i into a run ning board for one bus. Re la tion ≺ is irreflexive and
tran si tive.

Run ning board, or run ning board of a bus is an ar bi trary nonempty se quence
T = s1 , s2 ,  . . ., sm of trips with prop erty:

s s sm1 2≺ ≺ . (1)

The num ber m we will call length of run ning bo ard T. We will wri te s si j→   if both
trips si, sj are pro vi ded by the same bus and the trip si is lin ked im me dia te ly be hind
the trip sj . Note that s si j→  im plies s si j≺ . For any gi ven set  S = {s1 , s2, . . .  sn} of

1 This pa per was sup por ted by VEGA as a grant No. 1/0490/03.



trips with pre ce den ce re la tion ≺   we can con struct a bus sche du le. Bus sche du le of
the set S of trips is a set of run ning bo ards O = {T1,  T2, . . . Tk} of the form

( ) ( )

( )

T s s s s

T s s s

n n

n

1 11 1 2 1 1 1 1 1

2 21 2 2 2 2 1

= → → → →

= → → →

−

−

, , , ,

, , ,

…
… ( )

( ) ( )

→

= → → → →−

s

T s s s s

n

k k k k n k k n k

2 2

1 2 1

,

, , , ,

M
…

, (2)

such that eve ry trip of the set S oc curs exac tly in one run ning bo ard of O. To eve ry
bus sche du le O = {T1, T2 , . . . Tk} the num ber C(O) - the cost of bus sche du le O is as -
sig ned. We will say that the cost C(O) is se pa rab le if it can be ex pres sed as a sum of
costs of all run ning bo ards T 1, T2, ..., Tk, i. e.

( ) ( )C O c Ti
i

k

=
=
∑

1

,
(3)

whe re c(T i) de no tes the cost of run ning bo ard Ti. In most sim ple ca ses the cost of
run ning bo ard T s s s sm m= → → → →−1 2 1…  is the sum of all lin ka ge costs:

( ) ( )c T c s si i
i

m

= +
=

−

∑ , 1
1

1

. (4)

The lin ka ge cost de no ted ( )c s si j,  re pre sen ts na me ly dead mi le a ge ex pen ses, ho we -

ver, it may in clu de wa i ting costs, line chan ging pe nal ty and ot her pe nal ties as well.
In this case we will say that the cost  c(T)  is li ne ar. We will say that the cost C(O) of
bus sche du le O is li ne ar, if C  is re gu lar and the cost c  of run ning bo ard is li ne ar.

Most im por tant ob jec ti ves for ve hic le sche du ling are the fol lo wing:
1. O1: Minimization of the num ber of run ning boards.
2. O2: Minimization of the to tal link age cost.

Fun da men tal ve hi cle sched ul ing prob lem FVSP is to find a bus sched ule with the 
min i mum to tal lin ear cost  from all  bus sched ules with  the min i mum num ber of 
run ning boards. In the terms of bi va lent pro gram ming the FVSP can be for mu lated
as fol lows: 

Let ( )d c s sij i j= ,  if s si j≺  and d ij = ∞ oth er wise. Let x ij   be a zero-one de ci sion 

vari able say ing that if xij
=1 and dij

< ∞ , then si im me di ately fol lows sj in some run -
ning board T. To solve FVSP means

Mi ni mi ze  d xij ij
j

n

i

n

==
∑∑

11

 (5)
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sub ject to

x ij
j

n

=
∑ =

1

1 for  i n=12, , ,… (6)

x ij
i

n

=
∑ =

1

1 for  j n=12, , ,… (7)

{ }x ij ∈ 01,                              (8)

We see that we got a clas si cal as sign ment prob lem which can be solved in poly -
no mial time. (Sev eral re lated prob lem of fleet size minimization see in Cerná [1], 
Cerný [3] and Peško [5].)

Re mark: We can change the def i ni tion of d ij as fol lows: ( )d c s sij i j= ,  if s si j≺
and di j = the fixed costs of one bus per day. Then the op ti mi za tion will give us also
an op ti mum num ber k of ve hi cles. 

2. SIMULTANEOUS VEHICLE AND CREW SCHEDULING

The ap proach to the ve hi cle and crew sched ul ing in many coun tries is a two step
pro ce dure: first to cal cu late an op ti mum bus sched ule and then to find an op ti mum
crew sched ule for the bus sched ule cal cu lated in first step. In the re sult ing sched ule
any driver can drive any bus. 

In Czech and Slo vak Re pub lic there are closer ties be tween driv ers and ve hi cles.
One bus sched ule has to be cov ered by one or two crew sched ules. In this case the
con sid ered bus run ning board has to ful fill sev eral con di tions. The most im por tant
one of them is so called safety break con straint (SB) which is de fined by law. We
will say that run ning board ful fills safety break con di tion (SB) or is fea si ble if in ev -
ery time in ter val 240 min utes long there ex ists at least 30 min utes of safety break.
This safety break can be in one con tin u ous piece or two or three time in ter vals, ev ery 
one of them is at least 10 min utes long.
The most im por tant con stra ints for ve hic le and crew sche du ling are
1. C1: All ve hi cles have to re turn af ter work to the places where they started in

the morn ing. (As the start ing points can be given one de pot, sev eral de -
pots or sim ply a re quire ments that ev ery bus returs af ter fin ish ing the
daily work to the start ing point of cor re spond ing run ning board.)

2. C2: All run ning bo ards have to ful fill the sa fe ty bre ak con di tion.
3. C3: The time length of ev ery run ning board must be suit able for one crew or

two crews. This means that it must be in time in ter val   if it is de signed
for one driver or in in ter val  for two driv ers.
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Just men tioned con straints can not be ex pressed as the as sign ment prob lem with
sev eral ad di tional lin ear con straints. The idea of the pro posed model is to for mu late
such con di tions in the ob jec tive func tion.

As sume that T s s s s
m m= → → → →

−1 2 1
… . The con straint C1 can be mod elled 

by ob jec tive func tion

( ) ( )c T c s sm1 1= , , (9)

whe re ( )c s sm , 1  re pre sen ts all ex pen ses con nec ted with the move of the ve hic le
from ar ri val pla ce of the trip sm to de par tu re pla ce of the trip s1 .

The mod el ling of safety break conditrion C2 can be achieved by the fol low ing
ob jec tive func tion c2(T):

( )c T2
0

=
∞

{    if T contains a feasible safety break
   otherwise                                        

(10)

As sign t  = atm  – dt1  , where atm  is the ar rival time of the last trip of T and  dt1  is the 
de par ture time of the first trip of T. The value  t ex presses the time length of the run -
ning board T. The work ing time con straints C3 are ex pressed by ob jec tive c3 (T):

( ) ( ) ( )
c T

t t t t t t
3

1
1

2
1

1
2

2
20

=
∈ ∈

∞







   if  or 

   otherwise

, ,


(11)

Si mul ta neous ve hi cle and crew sched ul ing prob lem SVCSP can be for mu lated

as a multicriteria as sign ment prob lem with ob jec tives ( )c Ti
i

∑ , ( )c Ti
i

1∑ , 

( )c Ti
i

2∑ , ( )c Ti
i

3∑ . All men tioned ob jec tives are sep a ra ble, all ex cept the first

one are non lin ear and their for mu la tion by means of math e mat i cal pro gram ming is
rather com pli cated. We can de fine the com plex ob jec tive func tion

( ) ( ) ( ) ( ) ( )C O c T K c T K c T K c Ti
i

i
i

i
i

i
i

= + + +∑ ∑ ∑ ∑1 1 2 2 3 3 (12)

and to for mu la te SVCSP as to find a bus sche du le with mi ni mum va lue of C(O). Ari -
sing mat he ma ti cal prob lem is pro bab ly NP-hard and the re fo re su bop ti mal met hods
are to be used for sol ving SVCSP.

There are many other re quire ments from prac tice which can be mod elled in sim i -
lar way. Con straints sim i lar to C1 stud ied e.g. Peško in [4]. 

3. HEURISTICS FOR SVCSP

For ev ery bus sched ule O we can de fine the set N(O) of neigh bour ing bus sched -
ules. There are sev eral pos si bil i ties how to de fine N(O) by com bin ing run ning
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boards from O . The sim plest one is to com bine the trips of a pair of run ning boards,
more so phis ti cated meth ods com bine heads and tails of all run ning boards.

The fol low ing pro ce dure was pro posed for find ing suboptimal so lu tion of
SVCSP. First find an (ex act) op ti mum bus sched ule O = {T1, T2, . . . Tk} with ob jec -

tive ( )c Ti
i

∑ . Hun gar ian method or max-flow-min-cost al go rithm can be used for

solv ing cor re spond ing as sign ment prob lem. The bus sched ule O will be the start ing
so lu tion for the fol low ing neigh bour hood search pro ce dure. 

Step 1: If for all ( ) ( ) ( )O N O O C O∈ ≥  C  STOP, O is a suboptimal bus sched -

ule.
Step 2: Find  ( )O N O∈  such that  ( ) ( )C O C O<  .

Step 3: Set O O:= , ac tu al ize N(O) and GOTO Step 1.

The ob jec tive func tions (10), (11) ap peared not to be suit able for just de scribed
al go rithm, since they do not ex press "how far" is ac tual so lu tion O from the ideal
one. In all prac ti cal cases the fol low ing ob jec tives showed to be much more usefull

( )c T t t2 0 240= ≥ +min{ ; ,∆  such that every time interval ( )+ ∆

                                in  contains atT  least 30 min.  safety break.}
(13)

( )

( ) ( )

c T

t t t t

t t t t
3

1
1

2
1

1
2

2
2

1
1

1
1

0

=
− <

 if    or  

   if   

, ,

mi ( ) ( ){ } ( )n , ,t t t t t t t

t t t t

− − ∈

− >







2
1

1
2

2
1

1
2

2
2

2
2

   if   

   if   









(14)

This ap proach was used for op ti mi za tion of re gional bus trans port in many real
world cases with great eco nom i cal gain. The dead mile age sav ings were from 6 to
20 %, the num ber of ve hi cles dropped by up to 15 %.
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USING SEMIDEFINITE PROGRAMMING FOR
THE CHANNEL ASSIGNMENT PROBLEM

ŠTEFAN  PEŠKO 

Ab stract We in ves ti ga te the prob lem of as sig ning chan nels (co des) to the cell of cel -
lu lar mo bi le ne twork so that we avo id in ter fe ren ce and mi ni mi ze the num -
ber of chan nels used. The chan nel as sig nment prob lem is in spi red by this
prob lem. We pro po se a he u ris tic ba sed on the exact al go rithms for the
stan dard se mi de fi ni te and li ne ar prog ra mming.

1. INTRODUCTION

The de mands for mo bile tele phone com mu ni ca tion are con nected with the lim -
ited range of the fre quency spec trum. Op ti mal fre quency as sign ment is an in creas -
ing prob lem in or der to use the avail able fre quency spec trum with op ti mum
ef fi ciency. 

The prob lem was first solved by a graph colour ing al go rithm by Hale [Hal]. The
gen er ali sa tion of the graph colour ing, in spired by this prob lem, is known as the
chan nel as sign ment prob lem  (CAP). Var i ous ap prox i mate al go rithms (see [Ba1],
[Ba2]) and ex act al go rithms by Kral [Kra] have been pro posed. The graph colour ing 
prob lem i.e. de ter min ing the chro matic num ber of a graph is NP-hard (see [Ben])
and so the chan nel as sign ment prob lem is also NP-hard and there fore an op ti mal as -
sign ment can not be found in rea son able poly no mial time.

We for mu late the re laxed CAP in terms of a semidefinite pro gram ming (SDP)
and we ob tain a so lu tion of the SDP. Then we map this so lu tion of the SAP back into 
a valid so lu tion for CAP. This al go rithm can lose pre ci sion in this pro cess. We pro -
pose a heu ris tic based on the ex act al go rithms for the stan dard semidefinite and lin -
ear pro gram ming.

2. SEMIDEFINITE PROGRAMMING

We will ap ply semidefinite pro gram ming to our prob lem. We need some def i ni -
tions and facts [Wol] to un der stand this en tails.

Def i ni tion 1.  A ma trix A ∈ℜ ×n n  is a pos i tive semidefinite if
(1) x Ax xT ≥ ∀ ∈ ℜ ×0     n n .

Fact 1. For a sym met ric ma trix A ∈ℜ ×n n  the fol low ing are equiv a lent:
1. A  is a pos i tive semidefinite.
2. A  has only the nonnegative eigenvalues.



3. A  = BT.B for some ma trix B ∈ ℜ ×n n .

We will note A B• = ∑∑ a bij ij
ji

 for the in ner prod uct, A.B = ∑a bij jk
j

for the

ma trix prod uct of two ma tri ces A B, ∈ℜ ×n n and a. b =∑ a bi i
i

 for the sca lar prod uct

of two vec tors a b, ∈ ℜn .

Now we can de fine fol low ing gen er ali sa tion of the lin ear pro gram ming.

 Def i ni tion 2. The (stan dard) prob lem of the semidefinite pro gram ming (SDP) is
for mu lated for given sym met ric ma tri ces C, Ak ∈ ℜ ×n n , a vec tor b ∈ℜ n  and a vari -
able sym met ric ma trix X ∈ ℜ ×n n  in the form

(2) C X• → MINIMUM .
(3) s t b k m

k
. . , , ,      A X

k
• = =12 …

(4) X is pos i tive def i nite
Using 3th item of the fact 1 we know that there is a ma trix Z∈ ℜ ×n n  such that X =

ZT.Z  . Let Z =(z1, z2, ..., zn) where z1, z2, ..., zn are col umns of Z. Then the prob lem
of the SDP can be re writ ten as:

(5) ( )c z z MINIMUMij i j
j

n

i

n
⋅ →

==
∑∑

11
.

(6) ( )a z z b k mijk i j
j

n

i

n

k⋅ = =
==

∑∑
11

12    , , ,…

(7) z i mi
n∈ ℜ =     12, , ,…

Fact 2. SDP is poly no mial time solv able to within an ad di tive er ror of ε.

3. CHANNEL ASSIGNMENT PROBLEM

In the con text of graph model fol lows for mal def i ni tion of the chan nel as sign -
ment prob lem.

Def i ni tion 3.  Nat u ral weighted (sim ple) graph G  = (V, E,  d) where V = {1,2,..., n} 
is a ver tex set, E V V⊆ ×  is edge set and pos i tive in te ger weight of edges 

{ }d E: , ,→ 12 …  is given. 
A chan nel as sign ment for nat u ral weighted graph G is a func tion 

{ }f V: , , ,→ 012 …  (as sign ment), the ver texes to nonnegative in te gers, sat is fy ing the
con di tion

(8) ( ) ( ) ( )f f d Eu v uv uv− ≥ ∀ ∈      .                         

The span S(f) of a chan nel as sign ment f of the nat u ral weighted graph G is
the high est chan nel as signed by f

(9) ( ) ( ){ }S f f v v V= ∈max :  .
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The Chan nel As sign ment Prob lem (CAP) con sists of find ing a chan nel as sign -
ment f* with mini mised span i.e.

(10) ( ) ( )S Sf ff
* min= .

In our def i ni tion of the chan nel as sign ment we re strict to the as sign ment one
num ber (rep re sented chan nel) to the ver tex only. In real-word prob lems [Ba1],[Ba2] 
the as sign ment to the ver tex is a set of nonnegative in te gers (chan nels).

Note that if we set d(uv) = 1 for uv∈ E then the CAP is clas si cal colour ing prob -
lem and S(f*) is the chro matic num ber of the graph G .

4. RELAXED CHANNEL ASSIGNMENT PROBLEM

Now we will for mu late the re laxed CAP in terms of the SDP and ob tain a so lu -
tion of the SDP which is within 1+ ε the op ti mal. We map the ver texes v i ∈V  of the
graph G to unit vec tors zi ∈ ℜn  and solve the fol low ing RCAP: 

(11) α → MINIMUM
(12) z z v Vi i i⋅ = ∀ ∈1    
(13) z z v v Ei j i j⋅ = ∀ ∈1    

(14)
( )

z z
d v v

v v Ei j

i j

i j⋅ ≥ − ∀ ∈1
2

    

(15) z v Vi
n

i∈ ℜ ∀ ∈    

The con straint (12) as signs the unit vec tor to the ev ery ver tex of the nat u ral
graph. The vari able  in the con straint (13) is an up per neg a tive bound of the dif fer -
ences of the linked chan nels.

From the neg a tive part of the con di tion (8) af ter the sub sti tu tion
(16) ( ) ( ) ( )f f Ei jv v v vi j i j− = ∀ ∈1 / .z z     

we have con stra in (14). The po si ti ve part of the con di tion (8) is im pli cit ly sa tis fied
via con stra int (13) -- it is po ssib le show, that α< 0. The goal fun ction (11) mi ni mi zes 
the hig hest dif fe ren ce of the lin ked chan nels and not the span. So the so lu tion of
RCAP ap pro xi ma tes of the op ti mal chan nel as sig nment only.

Note that z z z zi j⋅ = ≤i j ijcosδ 1 and for the col our prob lem (with d(viv j) = 1

for viv j∈E) is the con strain (14) im plic itly sat is fied and this con strain can be omit -
ted. This for mu la tion is known as the vec tor colour ing prob lem  and stud ied in
[Kar],[Ben].
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5. APPROXIMATE SOLUTION

We do not ac tu ally find the so lu tion -- the chan nel as sign ment, when we solve
RCAP. From the so lu tion (z1 , z2, ..., zn ) we must de ter mine the as sign ment (f(v1),
f(v2),..., f(vn)) sat is fy ing the con di tion (8).

Let in duced  di graphs Gk = (V,Ek)  for k =1, 2, ..., n have the ori ented sets of the
edges of graph G ac cord ing to the vec tors (z 1, z2, ..., zn) in the form

( ){ } ( )E Ek i j k i k j i j i j k i k j i jv ,v v v v ,v v v= ⋅ ≥ ⋅ ∈ ∪ ⋅ ⋅: z z z z z z < z z, : ,{ }∈E .

For eve ry dig raph Gk  we can sol ve in the po ly no mial time the fol lo wing li ne ar prog -
ram LP:

(17) βk MINIMUM→
(18) ( ) ( )s t y y d v v v v Ei j i j i j. . ,      − ≥ ∀ ∈

(19) 0 ≤ ≤ ∀ ∈y v Vi k iβ     

It is pos si ble show that in te ger so lu tion      ( )y y y n1 2, , ,…  is fea si ble so lu -

tion of the LP with the un abated goal value βk . Than we can de fine 
( )  f y Vv   vi i= ∈1 * ,  where    ( )y y n1 * , , *…  is the best LP so lu tion with

heu ris tic span S(f) = β * = min{βk : k = 1, 2, ..., n}.

6. EXAMPLE

In fig ure 1 we have in stance for the chan nel as sign ment prob lem mod elled by
graph G.

Fig.1 Na tu ral we ig hted graph G=(V,E,d)

We use SeDuMi [Sed] - an tool box for MATLAB, witch solve op ti mi sa tion
prob lems with lin ear, qua dratic and semidefiniteness con straints. The cor re spond -
ing RCAP has op ti mal so lu tion X = (xij)  where xij= zi⋅zj
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X =
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. .

In fig ure 2 we have in duced di graph G4 gen er ated by 4th col umn of the ma trix X.

Fig. 2 In du ced dig raph G4

The cor re spond ing LP has op ti mal so lu tion y =(1.0, 0.0, 2.0, 2.0, 1.0, 0.4377,
2.0, 0.0) with chan nel as sign ment (f(1), f(2), ..., f(8)) = (1,0,2,2,1,0,2,0) in fig ure 3.

Fig. 3 Chan nel as sig nment in G4

This is the best so lu tion with span S(f) = 2.
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MODEL OF LIFE INSURANCE POLICIES USING
MARKOV CHAINS WITH REWARDS 

MILAN SITAŘ   

Ab stract In this ar tic le clas si cal ap pro ach for cal cu la ting pre mium and re ser ve of
life in su ran ce pro ducts is rep la ced by an al ter na ti ve met hod using Mar kov 
cha ins with re wards. This ap pro ach al lows us to in ves ti ga te more com pli -
ca ted prob lems. Re cur si ve for mu las for mat he ma ti cal re ser ves of life in su -
ran ce pro ducts con si de red as ex pec ted to tal dis co un ted re turn of a
Mar kov re ward cha in are ob ta i ned. Using spe ci fic pro per ties of the re ser -
ves we can also cal cu la te the in su ran ce pre mium. Mo re o ver, re cur si ve for -
mu las for the va rian ce of the re ser ve are ob ta i ned. 

1. INTRODUCTION

In this note, we con sider a dis crete time Markov re ward pro cess with fi nite state
space. We as sume that the re wards as so ci ated with the tran si tions are ran dom vari -
ables. We are in ter ested in prop er ties of cu mu la tive re ward earned in the sub se quent 
tran si tions of the Markov chain. Sim i larly as in [1], and [3] for the fi nite ho ri zon
mod els re cur sive for mu las for ex pected value and vari ance of the cu mu la tive (ran -
dom) dis counted re ward are in ves ti gated (sec tion 2). These for mu las are used to cal -
cu late some life in sur ance prod ucts (sec tion 3). Com paring with clas si cal re sults (cf. 
e.g. [2]), this ap proach al lows to in ves ti gate more com pli cated mod els. A sim ple ex -
am ple il lus trates the meth ods and re sults (sec tion 4). 

2. MARKOV CHAINS WITH REWARDS

Let { }X X nn= =, , ,01…  be a non ho mo ge neous Markov chain with fi nite state
space { }S= 12, ,…S , ini tial dis tri bu tion ( )p 0  and the tran si tion prob a bil ity ma trix 

( ) ( )[ ]P n p n
ij i j

S
=

=, 1
 at time n (ob vi ously, ( ) ( )p n p n

ij
j

S

ij
=

∑ = ≥
1

1 0,    ). 

We shall as sume that if state j ∈S is reached at time n + 1 from state i∈ S an im -
me di ate (ran dom) re ward ( )ξ ij n  is earned which is fi nite al most surely. ( )r nij , resp. 

( )s nij , de notes the first, resp. the sec ond, mo ment of the im me di ate re ward. Ob vi -

ously, the ex pected re ward in state i at time n is equal to ( ) ( ) ( )r n p n r ni ij ij
j

S
=

=
∑

1

and the sec ond mo ment of the re ward earned in state i is equal to 

( ) ( ) ( )s n p n s ni ij ij
j

S

=
=
∑

1

 . The sym bol ( )r n  , resp. ( )s n , de notes the S×1 vec tor



whose i-th el e ment equals ( )r ni , resp. ( )s ni , and ( ) ( )[ ]R n r nij= , resp. 

( ) ( )[ ]S n s nij= ,  is an   S×S ma trix.

If we as sume that ( )η∈ 01,  is the dis count fac tor (for the cor re spond ing in ter est

rate ρ we have ρ
η

η
η =

ρ
=

−
⇔

+
1 1

1
) then we de note by ( )v η , ,m n , resp. by 

( )u η, ,m n , the S×1 vec tor of the first, resp. of the sec ond, mo ments of the dis counted 

re wards earned af ter the m-th tran si tion in the ( )n m− +1 -next tran si tions and dis -
counted to time m (its i-th el e ment, de noted ( )v m ni η, , , resp. ( )u m ni η, , , is the first,
resp. the sec ond, mo ment of the to tal dis counted re ward earned pro vided the chain
starts in state i∈S). Ob vi ously

( )v m n X ii
k m

X X
k m

n

mk k
η η ξ, , |,= =





−

=
+∑E

1
,

resp.

( )u m n X ii
k m

X X
k m

n

mk k
η η ξ, , |,= 






 =













−

=
+∑E
1

2

,

and for the cor res pon ding va rian ce it holds 

( )[ ] ( ) ( )[ ]σ η η ηi i im n u m n v m n, , , , , ,
2 2

= − .

In what fol lows we de rive re cur sive re la tions for ( )v η, ,m n  and ( )u η, ,m n :

 

( )

[ ]

v η η ξ

ξ η

, , ,

,

|

|

m n k m
X X

k m

n

m

X X m

k k

m m

X

X

= 





=

= +

−

=
+

+

∑E

E

1

1
( )

( ) ( )

P

r P v

m

m m m

k m
X X

k m

n

mk k
XE η ξ

η η

− −

= +
++∑





=

= + +

1

1
11

1

, |

, ,( )n

(1)

 

( )u η η ξ

ξ

, , ,

,

|m n
k m

X X
k m

n

m

X

k k

m

X= 



















=

=

−

=
+∑E

E

1

2

( )[ ]X m X X
k m

X X
k m

n

mm m m k k
X X

+ + +
+ 








− −

= +
∑

1 1 1

2 1

1
2| |, ,η ξ η ξE

( )









 +

+ 













− −

= +
++

∑η η ξ2 1

1

2

11
P m k m

X X
k m

n

mk k
XE , |







=

( ) ( ) ( )[ ] ( )[ ] ( ) ( )= + ++ +s P v e P um m m n m m m n
di ag di ag

2 1 12η ηη η, , , ,R T , (2)
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whe re e is a unit co lumn vec tor, [ ]A
diag

 re sults from mat rix A by set ting
off-diagonal en tries equ al to 0, for a vec tor b, [ ]b

diag
 is re ser ved for the cor res pon -

ding dia go nal mat rix and AT de no tes the trans po se of A. If bsq  re sults from b by squ -
a ring each en try, for the va rian ce of the to tal dis co un ted re ward we have 

 
( )[ ] ( ) ( ) ( )[ ] ( )[ ]

( ) ( )[ ]

σ η η

η

η

η

, , , ,

, ,

m n m m m n m

m m n

s q diag diag
+= +

+

+

+

s P v e

P v

2 1

12

RT

( ) ( ) ( )[ ]s q sq sq
m n m m n− + +v Pη ηη σ, , , ,2 1

(3)

3. CALCULATION OF LIFE INSURANCE

We fo cus our at ten tion on life in sur ance prod ucts which cre ates col lec tive re -
serve, e.g. en dow ment, pure en dow ment or term, and thus they are not flex i ble and
vari able as the Uni ver sal Life or Unit Linked prod ucts. For this mo ment we do not
dis tin guish if the pre mium is paid sin gly or reg u larly. 

To this end, we shall con sider Markov chain with three states in which the pol icy
can oc cur. We as sume that the pol i cy holder is alive when the pol icy is ac cepted
(thus the first state is L - as liv ing). Al most all pol i cies in sure the pol i cy holder for the 
case of death (the sec ond state is D). When the in sur ance event co mes or the pol icy
claim ends then the pol icy is set aside of the port fo lio of in sur ance pol i cies (the third
state is A). Thus the state space 

( )S = L D A, ,

The in sur ance com pany cal cu late some ex penses cor re spond ing to the state
which Markov chain vis its. When the chain is "liv ing" then the pol i cy holder must
pay pur chase cost and ini tial com mis sion to the dis trib u tor of pol icy on the first day
of the pol icy term (ini tial ex penses α) or ad min is tra tive ex penses later (re newal ex -
penses β). When the pre mium is paid, encashment fee must be cov ered (ex penses γ). 
On the con trary, when the in sur ance com pany pay to the pol i cy holder (e.g. the life
an nu ity), the ex penses δ are cal cu lated. When Markov chain vis its state "dead" and
the sum as sured is paid to the pol i cy holder, δ ex penses are sup posed. If the pol icy is
set aside of the port fo lio the com pany has no costs with the pol icy. 

Ev ery life in sur ance com pany uses mor tal ity ta bles for es ti mat ing prob a bil ity of
death of a pol i cy holder. If we sup pose that our pol i cy holder's en try age is x , we de -
note such prob a bil ity qx (put px = 1 – qx). Then we can pro duce the tran si tion prob a -
bil ity ma trix along with the tran si tion re ward vec tor of the con sid ered Markov chain 
with re wards. Ob vi ously at time n ≥ 0,

( )P n
p qx n x n

=
















+ + 0
0 0 1
0 0 1

, (4)
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( )
( )

( )R

e

e

e

n

P K

K
n n n n n

L
n
L

n
D

n
D=

− − − − −

− −



















α β γ δ

δ

T

T

T0

,
(5)

whe re Pn  is the pre mium, K n
L , resp. σ n

L , is the sum as su red, resp. ex pen ses, when the 
po li cy hol der is li ving at time n and the sum as su red is paid, Kn

D , resp. σ n
D , is the sum

as su red, resp. ex pen ses, in the case that the po li cy hol der dies in pe riod n and the sum 
as su red is paid (si mi lar ly α β γn n n, ,  are ex pen ses at time n). All re wards are de ter mi -
nis tic. Ob vio us ly, 

( )r n
P K

K
n n n n n

L
n
L

n
D

n
D=

− − − − −
− −

















α β γ δ
δ

0

.
(6)

At time n = 0 we sup pose that the pol i cy holder is alive, hence

( )p 0
1
0
0

=















.

(7)

If we de note a pol icy term by N then ac cord ing to (1) we ob tain the first mo ment
of the to tal dis counted re ward at time m:

( ) ( ) ( ) ( )v r P vη ηη, , , ,m N m m m N= + =+ 1

 =
− − − − −

− −
















+
+P K

K
p vm m m m m

L
m
L

m
D

m
D

x m L mα β γ δ
δ η

η

0

,( ) ( )+ ++















+1 1

0
0

, , ,N m Nq vx m D η

(8)
with

( )v η

α β γ δ
δ, ,N N

P K
K

N N N N N
L

N
L

N
D

N
D=

− − − − −
− −















0

.

(9)

The first en try of ( )−v η, ,m N , de noted ( )−vL
m Nη, , , gives to tal ex pected dis -

counted value at time m, called in the life in sur ance lit er a ture the life re serve of the
prod uct, de noted by Resm. Such re serve has the prop erty that at the be gin ning of the
pol icy its value is equal to zero, i.e.:

( )vL Nη, ,0 0= . (10)

Then we seek pre miums P P PN0 1, , ,…  to sa tis fy re la tion (10). 
If we com pute the vari ance of the to tal dis counted re ward we use the fact that
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( )σ η , ,N N =
















0
0
0

.
(11)

Hence from re la tion (3) we can con clude that

 ( )[ ] ( ) ( ) ( )[ ] ( )[ ]σ η ηη, , , ,m N m m m N m
sq diag d iag

+= + +s P v e2 1 R
T

( ) ( )[ ] ( ) ( ) ( )[ ]+ − + =+ +η ηη η ησ2 21 1P v v Pm m N m N m m N
sq sq sq

, , , , , ,

[ ]
[ ]=

− − − − −

− −





















+

P K

K

m m m m m
L

m
L

m
D

m
D

α β γ δ

δ

2

2

0

[ ] ( ) ( )[ ]
+

− − − − − ++ ++ +

2 0

1 1

η

α β γ δ η ηP K p v q vm m m m m
L

m
L

x m L x m Dm N m N, , , ,

0

















+

( )[ ] ( )[ ]
+

+

















−
+ ++ +

η

η η η
2

2 2
1 1

0
0

p v q v v
x m L x m D Lm N m N, , , , ( )[ ]

( )[ ]
, ,

, ,

m N

m NvD

2

2

0

η



















+

( )[ ] ( )[ ]
+

+

















+ ++ +

η
σ ση η

2

2 2
1 1

0
0

p qx m L x m Dm N m N, , , ,

Sin ce ( )[ ] [ ]v KD m
D

m
Dm Nη δ, ,

2 2
= +  we can wri te the fol lo wing re cur si ve re la tion

for ( )[ ]σ η , ,m N
sq

( )[ ]
( )[ ] ( )[ ]

σ η

η η

η, ,

, , , ,

m N

m N m N

sq

x m L x m Dp v q v
=

+












+ ++ +
2

2 2
1 1

0
0






−

 
( ) ( )[ ]

−
+

















+
+ + ++ +p v q v px m L x m D x m Lm N m Nη η σ, , , ,1 1

2

0
0

( )[ ]η , ,m N+

















1
2

0
0 (12)
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with an ini tial va lue (11). Ob vio us ly, the va rian ce of the to tal dis co un ted re ward
when the po li cy hol der dies or the po li cy cla im is set asi de of the po rtfo lio is equ al to
zero. 

4. EXAMPLE

In this sec tion we will il lus trate the ob tained re cur sive re la tion in well-known
life in sur ance prod uct called en dow ment. We will sup pose that the en try age of the
pol i cy holder is x, pol icy term is N and con stant sum as sured K > 0 is paid at the end
of the pol icy (when the death of pol i cy holder oc curs or the pol icy term ends). We
con sider the case that the pre mium is paid only at the be gin ning of the pol icy term
(the prod uct is sin gly paid). We de note such pre mium by P. 
Ob vio us ly, K K n Nn

D = ∀ =, , , ,  01…  and K n N K Kn
L

n
L= ∀ = − =0 01 1, , , , ,    … . 

At first we will sup pose that all ex penses are equal to zero (we will com pute on

netto ba sis). We de note ( ) ( )p p px
n

x k
k

n

x= =+
=

−

∏
0

1 0
1,  and ( ) ( )q p q nx

n
x

n
x n

| ,= ≥+  0. From

(8), (9) we com pute the re serve ( )Resm Lv m N= − η, , :

( ) ( )

Res
Res

Res

N

N

N x N x N

K
K

q p K

=
=

= +

 




−

− + − + −

,
,

|

1

2 2

0

2

1 2

η

η η

( ) ( ) ( )

,

,

,

| |
Res

Re

N x N x N x N
q q p K

− + − + − + −
= + +


 


3 3

0

3

1 2
3

2 3η η η

…
( ) ( ) ( )sN k x N k x N k

k k
x N k
k kq q p K− + − + −

− −
+ −
−= + + +


 




| |0 2 1 1η η η…

( ) ( ) ( )

,

,

.
| |

…
…Res0

0 2 1 1
= + + +


 


 −

+

− − −
q q p K P

x N x
N N

x
N Nη η η

The sin gle netto pre mium de ter mines the fol low ing equa tion

Res0 0= , (13)

thus
( ) ( ) ( )( )P q q p Kx N x

N N
x
N N= + + ++

− − −| |0 2 1 1
η η η… .

The vari ance is cal cu lated sim i larly ac cord ing to (12) and (11) (we com pute the
vari ance in state L only since the vari ance in the other states is equal to zero), re call
that ( )v m N K m ND η, , , , ,= − ∀ =  0 … :
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( )[ ]σ ηL N N, , ,
2

0=

( )[ ]σ ηL N N, , ,− =1
2

0

( )[ ] ( ) ( ) ( )σ η η ηηL x N x N x N xN N q p q p, ,
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
 
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 
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









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2

2η ,
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 
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2
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( )[ ] ( ) ( ) ( ) ( )σ η η ηη
L x N k x N k

k k

x N k

k
N k N q q p, ,

| |
− = + + +

+ − + −

− −

+ −

−2 0 2 2 2 1 1…

( ) ( ) ( )

2

0 2 1 1

k

x N k x N k

k k
x N k

k
q q p



 


 −



− + + +
+ − + −

− −
+ −

−| |
η η η… k K


 









2
2 ,

… ,

( )[ ] ( ) ( ) ( ) ( )σ η η ηηL x N x
N N

x
N NN q q p, , | |0

2 0 2 2 2 1 1 2= + + +

 


 −

 +
− − −…

( ) ( ) ( )− + + +

 







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− − −q q p Kx N x
N N

x
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2η η η…

In what fol lows we as sume the fol low ing ex penses: 

• α ex pen ses:  ( ) ( ) ( ) ( ) [ ]α α α α α α0
1 2 1 20 1 01= + = ∀ = ∈K P n Nn, , , , , , ,    … ,

• β ex pen ses: [ ]β β β βn N
K n N == ∀ = − ∈, , , , , ,    0 1 0 01… ,

• γ ex pen ses: [ ]γ γ γ γ0 0 1 01= ∀ = ∈P = n Nn, , , , , ,    … ,

• δL  ex pen ses: [ ]δ δ δ δn
L

N
Ln N = K= ∀ = − ∈0 0 1 0 1, , , , , ,    … ,

• δD  ex pen ses: δ δn
D K n N= ∀ =, , ,  0 … .

Then ac cord ing to (8) and (9) we have:
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Aga in from (13) we have the sing le pre mium 
( ) ( ) ( )( )( ) ( ) ( )( )

P
q q p px N x

N N
x

N N
x

N N

=
+ + + + + + + ++

− − − − −| |0 2 1 1 2 1 11 1η η η δ α η… …
( )

β

α γ1
2

− −
K.

The cor re spond ing vari ance can be again ob tained from (12) and (11), but the
for mula has more com plex an a lytic ex pres sion and there fore we shall not de rive it
here. 
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ECONOMIC RESEARCH IN THE CZECH
REPUBLIC: ENTERING INTERNATIONAL

ACADEMIC MARKET 1

FRANTIŠEK TURNOVEC

Ab stract Pa per pro vi des a short cha rac te ris tic of pub li ca tion out puts of the eco no -
mists in the Czech Re pub lic du ring eight ye ars (1993-2000) and pre sents
the pro ject of eva lu a tion of re se arch per for man ce of the Czech eco no mics
de par tments  ba sed on re cords in in ter na tio nal da ta ba ses.

Ke y words: ci ta tion in dex, eco no mic re se arch, in ter na tio nal da ta ba ses, re se arch per -
for man ce 

Af ter 1989 eco nomic re search in the Czech Re pub lic had faced  sev eral dif fi cult
prob lems. The de mand for new con cepts to im ple ment fast tran si tion from cen trally
planned econ omy to a stan dard mar ket econ omy led to a rather cha otic dis cus sions
on trans for ma tion steps, miss ing tra di tional ac a demic at trib utes. It is in some sense
un der stand able: in the hands of the state there was an enor mous power and re spon si -
bil ity for un prec e dented eco nomic re forms. There was no time for deep anal y ses
and care ful eval u a tion of op tions. Part of eco nomic com mu nity be came di rectly in -
volved in ev ery day pol i tics on the high po si tions in gov ern men tal of fices and in the
par lia ments. In va sion of out side eco nomic ad vi sors of dif fer ent rank and qual ity
was a part of the game and sup ported the im pres sion that a straight for ward in ter pre -
ta tion of sim ple neo clas si cal di a grams is a "sci en tific way" of solv ing eco nomic
prob lems. But, from a me dium and long run per spec tive the main prob lem was to
re-establish ac a demic stan dards in eco nomic re search. A char ac ter is tic fea ture of
the eco nomic re search was an iso la tion from world stan dards in pre sent ing re search
out puts. With a few ex cep tion, re lated mostly to op er a tions re search and econ o met -
rics, the pub li ca tion of re sults was ori ented ex clu sively on Czech (Slo vak) eco -
nomic jour nals pub lish ing in the Czech lan guage and us ing not very de mand ing
re view ing pro ce dures. So to over come iso la tion and un de mand ing pro vin cial char -
ac ter of eco nomic sci ence it was nec es sary to en ter in ter na tional ac a demic mar ket.

The fol low ing data about pub li ca tion ac tiv i ties of the Czech eco nomic com mu -
nity il lus trate the pro cess of in ter na tion al iza tion of Czech eco nomic re search. We
are us ing the data from da ta base of the Gov ern ment Com mit tee for Re search

1 This re se arch was sup por ted by the Grant Agen cy of the Czech Re pub lic, pro ject No. 402/04/1214.



(GCR), that has an am bi tion to col lect in for ma tion about all pub li ca tions of the
Czech re search ers (not only econ o mists).

By the clas si fi ca tion used by the Com mit tee there are two branches of eco nomic
sci ence: Gen eral Eco nom ics (GE) and Ap plied Sta tis tics and Op er a tions Re search
(ASOR). The data about jour nal pub li ca tions, chap ters in books and book mono -
graphs in these two branches for the years 1993-2000 were re trieved from this da ta -
base.2 Only pa pers in jour nals hav ing ISSN reg is tra tion and chap ters in books and
book mono graphs hav ing ISBN reg is tra tion were con sid ered.

All pub li ca tions were sub di vided by the pub lish ers: out of all pub li ca tions pa pers 
in jour nals listed in the ECONLIT da ta base3, and chap ters in books and book mono -
graphs fol lowed by ECONLIT and So cial Sci ence Ci ta tion In dex (SSCI) were re -
trieved (clas si fied pub li ca tions). Within each group ad di tional clas si fi ca tion was
used by the lo ca tion of pub lisher: clas si fied jour nals pub lished in the Czech Re pub -
lic and clas si fied jour nals pub lished in the "West"; 4 clas si fied books pub lished by
pres ti gious Czech ac a demic pub lish ers and books pub lished by the "west ern" pub -
lish ers.5 An other clas si fi ca tion was used by the lan guage of pub li ca tion: pub li ca -
tions in Eng lish, in other world lan guages, and in Czech and Slo vak as a
com ple ment to to tal (see also Turnovec, 2000). While the GCR da ta base might be
in com plete,6 us ing the time se ries pro vides some gen eral char ac ter is tic of the de vel -
op ment in the field.

In Ta ble 1, 2 and 3 we pro vide in for ma tion (time se ries 1993-2000) by the types
of pub li ca tions (ISSN jour nals, ISBN chap ters and mono graphs), sep a rately by GE
and ASOR.

Some of the clas si fied in ter na tional jour nals in which the econ o mists af fil i ated in 
the Czech Re pub lic7 pub lished at least one pa per dur ing this pe riod:
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2
The GCR and cen tral da ta ba se of pub li ca tions were in tro du ced only in 1993, af ter the se pa ra tion of Cze chos lo -
va kia and es tab lis hment of the Czech Re pub lic.

3
ECONLIT is an elec tro nic da ta ba se of Ame ri can Eco no mic As so cia tion, fo un ded in 1969. It col lects re cords
abo ut jo ur nal pub li ca tions, bo oks and re se arch pa pers. SSCI is an elec tro nic da ta ba s e col lec ting re cords abo ut 
ci ta tions of ar tic les, bo oks and ot her pub li ca tions in jo ur nals orien ted on so cial scien ces.

4
The re are three clas si fied Czech eco no mic jo ur nals, in clu ded in JEL da ta ba se: Po li tic  ká eko no mie [Po li ti cal
Eco no my], pub lis hed by the Pra gue Eco no mic Uni ver si ty, with pa pers pub lis hed usu al ly in Czech, Fi nan ce a
úver [Fi nan ce and Cre dit],  pub lis hed by the Char les Uni ver si ty in Pra gue, with pa pers both in Czech and En -
glish lan gu a ge, and Pra gue Eco no mic Pa pers, pub lis hed by the Pra gue Eco no mic Uni ver si ty ex clu si ve ly in En -
glish. By “West” we mean co un tries of EU, USA and Ja pan.

5
Only two Czech clas si fied pub lis hers were con si de red: The Aca de mia Pre ss, pub lis hing ho u se of the Aca de my
of Scien ces of the Czech Re pub lic, and The Ka ro li num Pre ss, pub lis hing ho u se of the Char les Uni ver si ty in
Pra gue.

6
The sys tem of up da ting da ta ba se is not per fect, the mo ti va tion for re se ar chers to keep the ir re cords com ple te is
weak and some of pub li ca tions, re la ted to qu an ti ta ti ve eco no mics might be in clu ded un der mat he ma ti cal bran -
ches of the da ta ba se, the re is also some time lag in re cor ding new pub li ca tions.

7 I am in ten tio nal ly not using ”Czech eco no mists” to avo id com pli ca ted dis cus sion abo ut na tio na li ty of aut hors.
The re is no ”Czech eco no mic scien ce”, but ”eco no mic scien ce in the Czech Re pub lic”.



Eu ro pean Eco nomic Re view
Jour nal of Math e mat i cal Eco nom ics
Eu ro pean Jour nal of Po lit i cal Econ omy
East ern Eu ro pean Eco nom ics
In ter na tional Jour nal of Fi nance and Eco nom ics
Con trol and Cy ber net ics
Com mu nist and Post-communist Studies
Jour nal of Busi ness Eth ics
Eco nom ics of Tran si tion
Cen tral Eu ro pean Jour nal for Op er a tions Re search

Tab le 1, Pub li ca tions: Pa pers in ISSN Jo ur nals

Ge ne ral Eco no mics 1993 1994 1995 1996 1997 1998 1999 2000

To tal 98 193 248 334 600 915 459 450

CZ Po li tic ká eko no mie 7 23 30 14 25 3 8 23 23

CZ - Pra gue Eco no mic Pa pers - 2 8 4 11 1 4 11 4

CZ - Fi nan ce a Úver 10 19 22 12 14 2 3 13 11

wes tern jo ur nals 5 1 1 - 1 1 7 25 15

Pub lis hed in En glish 2 18 28 49 170 8 8 86 37

Pub lis hed in ot her fo re ign lan gu a ges 3 - 2 2 2 2 3 1 8

Ap plied Sta tis tics and Ope ra tions Re se arch

To tal 21 41 43 75 73 180 135 67

CZ Po li tic ká eko no mie 1 6 1 3 - 6 6 4

Pra gue Eco no mic Pa pers 1 - - 3 - - 1 1

Fi nan ce a Úver 3 - 2 - - 2 - -

wes tern jo ur nals 2 1 - - 3 3 6 42 6

Pub lis hed in En glish 3 11 23 26 39 9 8 93 36

Pub lis hed in ot her fo re ign lan gu a ges - - - - 3 1 - 1

Ta ble 1 dem on strates rel a tively suc cess ful re-orientation of "out put flows":
while dur ing pre vi ous pe riod (1970-1990) there was only one pub li ca tion in re ally
pres ti gious eco nomic jour nal (M. Maòas in Econometrica in 1972) and few pub li ca -
tions in spe cial ized jour nals (e.g. Eu ro pean Jour nal of Op er a tional Re search, Man -
age ment Sci ence, Zeitschrift fur Op er a tions Re search), we can ob serve a vis i ble
pres ence of econ o mists from the Czech Re pub lic on the in ter na tional ac a demic mar -
ket.

We can ob serve the cul mi na tion of the num ber of jour nal pub li ca tion  in 1998,
what is prob a bly re lated to the "boom" of trans for ma tion top ics in the first half of
nine ties. 

Economic Research in the Czech Republic: Entering International Academic Market 186



The third ob ser va tion is re lated to the lan guage of pub li ca tion: Out of 3932 jour -
nal pub li ca tions 807 were pub lished in Eng lish, what rep re sents 20.52%. We can
still iden tify dif fer ence be tween gen eral eco nom ics and ap plied sta tis tics/op er a tions 
re search ori en ta tion: while 51,81% of pa pers in ASOR cat e gory were pub lished in
Eng lish, the cor re spond ing score in GE is only 14.50%.

A sur vey of the matic ori en ta tion of  eco nomic ar ti cles pub lished by au thors from
the Czech Re pub lic com pared to the rest of Eu rope see in Machácek, 2004. 

Books and chap ters in books and mono graphs are gen er ally con sid ered to be
"sec ond best" pub li ca tions (at least in eco nomic sci ences) and mostly they are not
con sid ered in eval u a tion schemes of re search. Nev er the less, pub li ca tions out side of
the coun try are par tic i pat ing in "ci ta tion games" and re flects the "ex port per for -
mance" of do mes tic sci en tific pro duc tion. Among pres ti gious pub lish ers of the texts 
re corded in this cat e gory there are the fol low ing in ter na tional pub lish ing houses:

Ac a demic Press, San Diego
Springer Verlag, Berlin, Hei del berg, New York
Ed ward Elgar, Aldershot
Kluwer Ac a demic Pub lishers
Macmillan Press and St. Mar tin's Press, Lon don, New York
Rowman & Littelfield Publ., Boston

Ta ble 2, Pub li ca tions: Chap ters in ISBN Books

Ge ne ral Eco no mics 1993 1994 1995 1996 1997 1998 1999 2000

To tal - - - 6 14 2 7 99 141

CZ Ka ro li num - - - - - 4 1 2

Aca de mia - - - - - - - -

Wes tern pub lis hers - - - - - 3 12 7

Pub lis hed in En glish - - - 4 - 2 2 16 24

Pub lis hed in ot her fo re ign lan gu a ges - - - - - 2 2 14

Ap plied Sta tis tics and Ope ra tions Re se arch 1993 1994 1995 1996 1997 1998 1999 2000

To tal - - - - 2 1 3 13 25

CZ Ka ro li num - - - - - - - -

Aca de mia - - - - - - - -

Wes tern pub lis hers - - - - - 1 1 1 3

Pub lis hed in En glish - - - - - 9 2 11

Pub lis hed in ot her fo re ign lan gu a ges - - - - - - 1 -
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Tab le 3, Pub li ca tions: ISBN Book Mo no graphs 

Ge ne ral Eco no mics 1993 1994 1995 1996 1997 1998 1999 2000

To tal 15 39 28 44 114 9 4 40 65

CZ Ka ro li num - - - - 3 1 - 1

Aca de mia - - - - 4 - - -

Wes tern pub lis hers 4 2 4 2 1 3 2 -

Pub lis hed in En glish - 3 5 1 17 7 1 2

Pub lis hed in ot her fo re ign lan gu a ges 4 1 - 1 - 1 1 -

Ap plied Sta tis tics and Ope ra tions Re se arch 1993 1994 1995 1996 1997 1998 1999 2000

To tal - 6 1 7 8 9 9 10

CZ Ka ro li num - - - - - 2 - -

Aca de mia - - - - 2 - - -

Wes tern pub lis hers - - - 1 - 2 2 -

Pub lis hed in En glish - - - 1 - 5 5 -

Pub lis hed in ot her fo re ign lan gu a ges - - - - - - - -

For slightly more than a month the Czech Re pub lic to gether with other nine new
mem ber states is shar ing the same re search area with other Eu ro pean Un ion coun -
tries. Well elab o rated meth od ol ogy of eval u a tion of re search per for mance of the re -
search in sti tu tions (mostly af fil i ated with uni ver si ties) is used in the Eu ro pean
Un ion to pro duce rank ings of eco nomic de part ments in Eu rope per for mance (see
e.g. Lubrano, Bauwens, Kir man and Protopopescu, 2003). There is no rea son to ex -
pect that the same stan dards will not be im ple mented in eval u a tion of uni ver si ties in
new mem ber states. To be com pet i tive in Eu rope and in the world there is still much
to be done in chang ing pub li ca tion hab its. 

At pres ent we even do not know where we are in com par a tive terms: de mand ing
meth ods of re search per for mance eval u a tion have not been tested yet in the Czech
Re pub lic. The first at tempt will take place in 2004 within the pro ject of the Grant
Agency of the Czech Re pub lic "Microeconomics of uni ver sity ed u ca tion and mea -
sur ing re search per for mance of the uni ver si ties". The main fea tures of the pro ject
are the fol low ing:

Ob jec tive of the pro ject: to com pare ob jec tively mea sur able re search per for -
mance of the fac ul ties of eco nom ics, in sti tutes and/or de part ments of eco nom ics at
non-economic fac ul ties or  non-university eco nomic re search in sti tu tions ac cord ing
to their pres ence at in ter na tional ac a demic mar kets. 
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Ba sic prin ci ples of eval u a tion:
a) Min i mal de mand on co op er a tion of eval u ated in sti tu tions.
b) Min i mal in flu ence of eval u a tors on re sults of eval u a tion.
c) Use of un ques tion able data (in ter na tional da ta bases).
d) Two com po nents of data: out puts (pub li ca tions) and re sponse (ci ta tions). Data 

will be weighted by in ter na tion ally ac cepted im pact fac tors (Kalaitzidakis,
Mamuneas and Stengos, 2001). 

e) No other ac a demic ac tiv i ties will be con sid ered. 
Units of eval u a tion:
a) Ei ther fac ulty of eco nom ics, if the fac ulty per forms study pro grams ex clu -

sively in eco nom ics,
b) or eco nom ics de part ment (in sti tute) at the non-economic fac ulty,
c) or non-university re search unit (e.g. Eco nom ics In sti tute of Acad emy of Sci -

ences).
Rep re sen ta tion of the in sti tu tion: Only full-time em ploy ees in ped a gog i cal and

re search cat e gory. One per son can rep re sent only one in sti tu tion. Only pro fes sors
and as so ci ate pro fes sors (se nior re search ers) will be con sid ered, un less the in sti tu -
tion will nom i nate broader rep re sen ta tion.

Pri mary data:
a) Pub li ca tion de fined as bib lio graphic re cord in in ter na tional da ta bases 

(Econlit, SCI, Web of Sci ence).
b) Ci ta tion de fined as ci ta tion re cord in in ter na tional da ta bases (Econlit, SSCI).

Auto-citations are ex cluded.
c) If the same pub li ca tion is re corded in dif fer ent da ta bases, it is con sid ered only

once.
d) In the case of co-authorship each of  co-authors gets the share 1/n of the pub li -

ca tion. 
Eval u ated pe riod: Last ten years (1994-2003) to get re sults that can be com pared

with the re sults of Eu ro pean rank ings. The changes in af fil i a tion of eval u ated per -
sons will not be con sid ered, af fil i a tion in 2004 will be sig nif i cant. 

Met hod of ag gre ga tion:
n num ber of eva lu a ted in sti tu tions (j = 1, 2, …n)
mj num ber of re pre sen ting per sons of the j-th in sti tu tion (ij = 1, 2, …, m j)
p(j, ij) num ber of pub li ca tion units of the per son ij of in sti tu tion j, k ij = 1, 2, ….,

p(j, i j)
pw(kij) sha re of per son i j from in sti tu tion j in pub li ca tion kij  (co-authorship con si de -

red) 
c(j, i j) num ber of ci ta tion units of the per son i j from in sti tu tion j, tij = 1, 2, ….,

p(j, i j) 
cw(tij) sha re of per son i j from in sti tu tion j in ci ta tion t ij (co-authorship con si de red)
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pf(k ij) impact-factor of pub li ca tion k ij, me a su red by impact-factor of the jo ur nal of 
pub li ca tion

cf(tij) impact-factor of ci ta tion t ij, me a su red by impact-factor of the jo ur nal of ci -
ta tion

rj to tal num ber of em plo y e es of the j-th in sti tu tion in pe da go gi cal/re se arch ca -
te go ry

In di ca tors:
In di vi du al per for man ce of the per son ij from in sti tu tion j 

( ) ( )( )
( )

( ) ( )( )
( )

v pw k pf k cw t cf ti ij ij
k

p j i

ij ij
t

c j i

j

ij

j

ij

j

= + + +
= =

∑ 1 1
1 1

, ,

∑

(sum of pub li ca tion sha res we ig hted by impact-factors in cre a sed by 1, plus sum of
ci ta tion sha res me a su red by impact-factor in cre a sed by 1). This me a su re can be used 
for ran king of in di vi du als in the Czech Re pub lic (e.g. top 100 eco no mists).
Ab so lu te per for man ce of the in sti tu tion j

V vj i
i

m

j

j

j

=
=

∑
1

(sum of in di vi du al per for man ces of in di vi du als af fi lia ted).
Re la ti ve per for man ce of in sti tu tion j

RV
V

r
j

j

j

=

(ab so lu te per for man ce per one em plo y ee in pe da go gi cal/re se arch ca te go ry). Can be
used for ran king of in sti tu tions. 

Re la ti ve sha re of in di vi du al ij  in re se arch pro duct of in sti tu tion j

RV
V

V
i

i

j
j

j=

(can be used for ran king of in di vi du als wit hin the in sti tu tion).
Mar gi nal re la ti ve con tri bu tion of in di vi du al i j to in sti tu tion j

( ) ( )
( )MV RV

V V

r

V r V V r

r r

r V V
i j

j i

j

j j j i j

j j

j i j

j

j j j= −
−

−
=

− − −

−
=

−

1

1

1 ( )r rj j −1

(dif fe ren ce bet we en re la ti ve per for man ce of the in sti tu tion j with in di vi du al ij and
re la ti ve per for man ce of the in sti tu tion j wit ho ut in di vi du al i j).

Many other in di ca tors can be con structed and used for sta tis ti cal anal y sis. The
first ver sion of eval u a tion will be fi nal ized and re leased for pub li ca tion in De cem ber 
2004.

Economic Research in the Czech Republic: Entering International Academic Market 190



REFERENCES

[1} Ka la it zi da kis, P., Ma mu ne as, T.P. and T. Ste nos (2001), Ran king Aca de mic Jo ur -
nals and In sti tu tions in Eco no mics. Dis cus sion pa per 2001-10, De par tment of
Eco no mics, Uni ver si ty of Cyp rus, Ni co sia.

[2] Lub ra no, M., Ba u wens, L., Kir man, A. and C. Pro to po pes cu (2003), Ran king Eco -
no mic De par tments in Eu ro pe: A Sta tis ti cal Ap pro ach. Eu ro pe an Eco no mic As so -
cia tion Re port.

[3] Ma chá ček, M. (2004), Kom pa ra ce te ma tic ké struk tu ry ča so pi sec kých pub li ka cí
čes kých a ev rop ských eko no mů. Po li tic ká eko no mie, 52, No. 1, 74-90.

[4] Tur no vec, F. (2002), Eco no mics in the Czech Re pub lic. In:  Three So cial Scien ce
Dis cip li nes in Cen tral and Eas tern Eu ro pe (Max Ka a se and Vera Spar schuh eds.),
So cial Scien ce In for ma tion Cen tre, Ber lin, 50-64.

FRANTIŠEK TURNOVEC
Jean Mon net Cha ir in Eco no mics of Eu ro pe an In teg ra tion
In sti tu te of Eco no mic Stu dies
Char les Uni ver si ty in Pra gue, Fa cul ty of So cial Scien ces
Ople ta lo va 26, 110 00 Pra gue 1, Czech Re pub lic
e-mail: tur no vec@mbox.fsv.cuni.cz 

191 František Turnovec


	Proceedings
	Content
	Bednár
	Brezina, Čičková, Reiff
	Buzna
	Fendek
	Ferrari, Laureti
	Ferreira
	Fiala
	Gazda, Palúch
	Hančlová, Horák, Šimek
	Houda
	Husár
	Ivaničová, Rublíková
	Jablonský
	Janáček
	Kaňková
	Kodera, Sladký, Vošvrda
	Kučera, Beránková, Houška, Švasta
	Kuncová
	Menbere
	Milánová
	Mlynarovič
	Palúch
	Peško
	Sitař
	Turnovec




